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ABSTRACT
Let f{X;7,,..., T,)be an irreducible polynomial over Q. Let B be the set of
bEZ" such that f(X; b) is of lesser degree or reducible over Q. Let # =
{F;}/~, be a Falner sequence in Z" — that is, a sequence of finite nonempty
subsets F; C Z" such that for each v€Z",

fim EOE I

j=w | F;)

Suppose F satisfies the extra condition that for W a proper Q-subvariety of
P" — A" and ¢ > 0, there is a neighborhood U of W(R) in the real topology

such that
Iim sup M <ég,
j—w IE, |
where Z" is identified with A"(Z). We prove
tim 1081
e |Fj]

Introduction

Let X; T, ..., T, be indeterminates for some n €EN. For f€EZ[X; T,,..., T,]
irreducible, define

(1) V(f)={bEZ":3,f(X; b)<dxf(X; T) or f(X; b) is reducible over Q}.

If f=1,...,f is a sequence of irreducible polynomials in Z[X; T], let

V()= V).
The classical Hilbert’s Irreducibility Theorem states that Z" — V(f) is
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infinite for every sequence f of irreducible polynomials. This is a very weak
statement about V(f). Much stronger constraints are known, both for general f
and for those sequences with further restrictions; see, for example, the work of
Cohen (1] and Fried [3], [4].

Let # = {F;};~, be a sequence of finite non-empty subsets of Z". Then # is
a Folner sequence if for each vEZ",

F. O (F
) lim 15N E A+ =1.
P E|

In ergodic theory, one can define a higher dimensional “time average” of a
bounded function f: Z" — R by

X 1
3 lim sup { ) f(X)},

j—o j XEF;
which has the translation invariant properties of the classical time average.
Furstenberg considers higher dimensional averages in [5]. Define the #-
density of a subset B C Z" by

. BNF,
4) d(B) = lim sup 1BaL]

j—=o |F} |
When Z is a Folner sequence, the function J has many of the properties of a
Haar measure — e.g., translation invariance, positivity — but vanishes on
finite subsets. Our main theorem is

THEOREM A. Let o be the variety P* — A", and identify Z" with A"(Z).
Suppose F is a Folner sequence and ¢ satisfies the following condition: if Wis a
proper Q-subvariety of co and &€ > 0, then there is a neighborhood U of W(C),
with respect to the complex topology of P*(C), such that 3(Z" N U) <e. In this
case, O(V(f)=0 for every sequence of irreducible polynomials f in
X, T1,...,T,]

For example, setting F; equal to the set of integer points in [—j,j]"
determines a Folner sequence which satisfies the hypothesis. In this case,
Cohen shows that V(f) N F; grows at order at most j"~"?log(j), and also
characterizes the bounding constant. His argument uses number theory to
produce a global estimate based on local analysis at each prime of Z. Our result
is not so sharp; we assume the theorem fails and produce a contradiction in a
non-constructive manner.



Vol. 69, 1990 HILBERT’S IRREDUCIBILITY THEOREM 291

We should mention that other, more constructive, methods can be used to
describe a set of the form V(f). A set H is called a universal Hilbert subset
(UHS) if H N V(f) is finite for any choice of f. Sprindzuk [11], [12] has
explicitly given UHSs; in some cases, he has a criteria for an irreducible funder
which H n V(f) is computable.

The proof of Theorem A is modeled on Hilbert’s original argument [7]. The
reasoning is combinatorial rather than number theoretic. Our generalization
relies heavily on work of Furstenberg which extends a lemma used by Hilbert
to higher dimensions:

the Van der Waerdon condition: if § is an # -density
(5) for some Folner sequnce #, vE€Z" and B C Z"so §(B) >0,
then there is Kk EN so 6(B N (B + kv)) > 0.

We include a short proof, conveyed to the author by Furstenberg in con-
versation.

The author does not know if the condition on # in Theorem A is necessary.
We will first give an example where it fails, and then outline the proof of
Theorem A to illustrate our present need for the restriction. Suppose n = 2,
and for j EN let G, be the set of integer points in R* which are less than distance
j from (27, 0). Let ¢’ be the corresponding density. If M C Z", then 6(M) =0
unless the closure of M in P? contains the point with homogeneous coordinates
[1, 0, 0]; in practice, J’ detects only behavior near this point.

Suppose fEZ[X; T, ..., T,] is irreducible. Put

6) W={(rty,...,t.) EC"* : fix;ty,...,1,)=0}.

We may regard W as an algebraic variety defined over Q, and regard (x; t) — (¢)
as an algebraic projection to’A” C P". Our sole interest in W is that it admits a
rational function « : (x; ) — x which may naturally be treated as a root of f.
Without loss of generality, we may replace W by a normalization; smoothing
W is permissible. In particular, we may enlarge # and extend projection to a
function 8 : W — P" whose image now overlaps «. Let B be a set of b €Z" such
that a assumes an integer value on 8 ~'5. Theorem A reduces to the claim that
if 8(B) >0, then d, f = | — that is, « is the pullback of a polynomial on P*. If
Xx € W is a smooth point at which

(7.a) « is holomorphic,

(7.b) 6(x) is a limit point of B,
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and some technical conditions hold, it is not difficult to prove that « must be a
constant. Now suppose x € W such that 8(x)E€ B N o and the only poles of the
divisor of a at x lie along ococ. We may reduce this pole by replacing «, regarded
as a “multivalued function” on P”, by a«(T) — (T + b) where b €Z". Property
(5) enables us to do the replacement without losing essential properties of the
original a. After finitely many such replacements, we produce o’ with no pole
at x, and this o’ must be a constant. Then an algebraic argument demonstrates
that the initial « must have been polynomial.

In the last paragraph, the crucial requirement on « and x is that the only pole
of « at x lies along oo. This restriction fails for each x on a Q-subvariety of
codimension 2. If § does not satisfy the hypothesis of Theorem A, as our
example ¢’ does not, there might not be a suitable x.

Our thumbnail sketch of the argument is slightly disingenuous. We shall not
construct a variety W, instead, roots of polynomials are characterized as
complex meromorphic germs rather than algebraic functions. The difficulty is
that once a suitable W and « are fixed, the algebraic object a(T + b) for some
b €Z" need not be defined on W, Essentially, to define (T + b) one must first
specify a splitting field L of AX; T) and of f* = f(X; T + b), identify « with a
root of fin L, and chose a prime of L over co. Instead of shifting varieties, we
(essentially) fix a smooth open subset U of W, and consider the field K of
complex meromorphic germs of U N 8~ 'oo. For our choice U, K will contain
the unramified closure for a completion of the function field of W with respect
to a choice of prime over «. In addition, K will be closed under « +> o(T + b).
In the paper, U and K are constructed without reference to varieties.

The main theorem is stated in Section 1; we include elementary reductions
to the simpler Proposition 1.4. Section 2 is a review of Folner sequences.
Section 3 offers a formal treatment on lifting homomorphisms a(T) —
oT + b) to extension fields of Q(7). In Section 4, we prove a higher
dimensional analogue to the fact that a holomorphic germ about co €P! which
vanishes on an infinite set of integers must be 0. Constructions in Section 5
yield fields of meromorphic germs which are closed under the algebraic
homomorphisms of Section 3, and yet are sufficiently geometric that Theorem
4.2 applies. The proof of the main theorem, in Section 6, falls from machinery
of the previous three sections.

I would like to thank T. Tamagawa and S. Kakutani for suggesting this
problem. I am indebted to H. Furstenberg for his insights into the combinator-
ics of the higher dimensional case; Section 2 is based on discussions with him.
I. N. Bernstein convinced me that Hilbert’s classical analysis at the point co of
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P! applies to the generic point at P* — A" for n > 1. Finally, I am grateful to all
of the mathematicians who have permitted me to introduce this question into
conversation.

§0. Notation

§0.A. Basics

Let N, Z, Q, R and C denote the sets of natural, integral, rational, real and
complex numbers, respectively. For n €N, let

(0.1) N(n)={meEN;m =n}.

For b€C and r€(0, «), put

(0.2) B, ry={z€C:|z-D| <r}.
By “ring”, we mean commutative ring with non-zero identity. For R a ring
and ¢,...,¢, a list of members in a larger ring of indeterminates, let
R[t,...,t,] denote the ring generated by Rand ¢,, ..., ¢,; if R is a field, let
R(t,,...,1t,)bethe field generated by Rz, . .., t,]. In the case where ¢, . . . , 1,
are indeterminates, let d; denote the degree map with respect to ¢ for each
JEN(n).

For S and T sets, let
(0.3) SAT =S —-TYu(T—-29).

If S is a finite set, then denote the cardinalitX of Sby |S|. The closure of a
subset S of a topological space is denoted by S.

§0.B. Projective spaces

Fix n €N. Let P" denote n-dimensional projective space, which we regard
both as a Z-scheme and as the corresponding complex manifold. In cases of
possible ambiguity, denote by P*(K) the set of K-rational points of P" for a ring
K. In a topological context, P" always refers to the corresponding complex
manifold.

Fix a choice ¢,...,t,,.;, of homomogeneous coordinates. For z =
(21, . .5 2,41 )EC" ! — {0}, denote the corresponding class in P” by [z] or
[z, ..., Zs41)- For jEN(n + 1), we refer to the map

(0.4) (X0 3 X)EC" > [Xy, .0 x0, Lxg, .0, X, ]EP?
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or its image as the j-th chart. Throughout the paper, we regard the n-
dimensional affine scheme A" as a subscheme of P* via the n + 1-st chart.
The subvariety f,,, =0 is denoted by oc. Finally, we identify C* with
AY(C) C P*(C).

The term “affine transformation” will refer to either of two sorts of map. A
function Z" — Z" of the form x — L(x) 4+ vwhere vEZ" and L is an invertible
group homomorphism is called affine. If L':Z" X Z—Z" X Z is a group
isomorphism such that L’({0}) X Z) C {0} X Z, then L’ determines an alge-
braic automorphism of P" which preserves the subscheme A”; such an auto-
morphism is also called affine. There is a bijection from affine transformations
of P" to affine transformations of Z" determined by restriction to A"(Z).

§0.C. Germs

Let X and Y be topological spaces, and let N C X. By a Y-valued function
element about N, we mean a continuous function ffrom a neighborhood of N
to Y. Two Y-valued function elements fand g are considered equivalent if they
agree on a neighborhood of N. An equivalence class of function elements is
called a (Y-valued) N-germ.

We adopt the standard conventions concerning germs of functions, and
freely identify a germ with any function which represents it. If X is a complex
manifold and N C X, denote the ring of holomorphic germs into C by O,. If N
is connected, then O is a domain, and we define .# y, the field of meromorphic
N-germs, to be the field of fractions of §y. (This notion of meromorphic may be
more restrictive than that with which the reader is familiar, but is sufficient for
our needs.)

Suppose X is a complex manifold, N C X is a connected non-empty subset
and 6: X — P"is an open mapping whose image lies in P* minus a hyperplane.
Then f+— f- 8 determines an injection from the rational functions on P*(C)
into .4 ,. When the choice of 6 is clear from the context, regard .# as an
extension field of C(T, ..., T,).

§1. Statements and reductions

Fix n €N. Let J(n) be the set of all subsets of Z".

DerINITION 1.1. A (n-dimensional) density is a function ¢ : J(n)— [0, 1]
such that

(1.1.a) VS, T€J(n), SUT)=d(S)+dT),
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(1.1.b) VS, TEJ(n), (SCT—=d(S)=4(T),
(1.1.c) VSEJ(n), YvEZ', &S +1)=05(S),
(1.1.d) 8({0))=0.

Note that the density of any finite set is 0.
Let J be a density. We say that J satisfies the VW (or Van der Waerdon)
condition if

for S€J(n) and vEZ"s0 (S) > 0, there is k EN so

(1.2)
oS N (S + kv))>0.
Let W be a proper Q-subvariety of oo C P*. We say ¢ is concentrated on W if

there exists ¢ > 0 such that for every open neighborhood

(1.3)
Uof W(C),o(UNZ")ze.

We say d is Q-diffuse if it is not concentrated on any proper Q-subvariety.

Existence of Q-diffuse densities satisfying the VW condition is discussed in
Section 2.

Fix indeterminates X; T, . .., T,. We frequently write Tfor 7', . .., T,. For
g€QIT], let
(1.9 Z(g)={(bEZ": g(b)=0}.

By the roots of fEQ[X; T], we always mean the roots of f regarded as a
polynomial in X over ground field Q(T). In particular, b = (b, ..., b,)EZ" is
said to preserve the Galois group of a separable fEZ[X; T] if the substitution
homomorphism 7; — b; extends to the roots of fin a manner which identifies
the Galois permutation groups for f(X; T) and f(X; b). For fEZ[X; T}], put

G(f)={b€EZ": bdoes not preserve the Galois group of f},
(1.5) V()= {bEZ": 3y f(X; b) <xf(X; T)or f(X; b) is reducible},
and, if 9,/ = 2, put
(1.6) I(f)={bEZ":9xf(X; b)<dxf(X; T)or f(X; b) has an integer root}.

QOur main theorem is

THEOREM 1.1. Letn€N,let X; Ty, ..., T, be indeterminates over Q, and
let AX;T,...,T,)bean irreducible polynomial in the ring Q(X; T}, ..., T,]
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which has positive degree in the variable X . Let é be an n-dimensional Q-diffuse
density which satisfies the VW condition. Then 6(G(f)) =0.

A few lemmas reduce Theorem 1.1 to a statement which does not involve
Galois groups. Begin with

LEMMA 1.2. Let f€Q[X; T] be irreducible. Then there is a list of poly-
nomials gy, ..., 8 €Z[T) — {0} and a list of monic irreducible polynomails
hy...,h,€Z[X; T), each of degree > 1 in X, for which

(L.7) el U zghul O im}.

ProofF. This reduction is aiready in [7], and has been extended to other
cases — see [3], for example. We outline the proof.

First, suppose f€Q[X; T] is an irreducible polynomial of degree =2 in X.
Let «y,...,a, be the roots of f, let K =Q(T)[a,...,a,], and let n be a
generator of K over Q(T) which is integral over Z[T]. Let /* be the monic
irreducible polynomial of n over Q(T). Express n as a Q(T)-linear sum of
powers of ay, . . ., ,, and, for each j EN(r), express «;as a Q(T)-linear sum of
powers of 7; regarding each member of Q(T) as a ratio in Z[T], let g be a least
common multiple for the set of all denominators of coefficients appearing in
these expressions. The reader may easily verify that if # €Z" has the property
that f*(X; b) is irreducible over Q and g(b) # 0, then the corresponding
substitution homomorphism extends to an identification of roots such that the
Galois closures of f(X;T) and f(X;b) have the same degree over their
respective ground fields. It follows that G(f) C Z(g) U V(f*).

Now fix a monic irreducible polynomial f€Z[X; T] of degree = 2 in X. Let
a,...,a,be the roots of f. For N C N(r), let P(N) be the set of values of the
Newton symmetric polynomials in | N | variables on {o;},ey. Put

(1.8) P=U{P(N): N CN(r)} — Q[T).

For N C N(r) so N & {¢, N(r)}, there is at least one member of P(N) in P. Let
hy, ..., h, be alist of all monic irreducible polynomials for elements in P.

Suppose b €Z" such that f(X; b) is reducible. Reducibility may be inter-
preted to mean that there is a prime f of the splitting field of fover the ideal
generated by {7; — 4;}/_, in Q[T] and a proper non-empty subset N C N(r)
such that
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(1.9) NX-«) [MIX-«)

JEN JEN
are, modulo £, polynomials in Q[X]. Moreover, the product of the factors in
(1.9) mod(B) has coefficients in Z, so each factor has integral coefficients. For
each i, which admits a symmetric combination of {a;},ey as a root, h,(X; b)
has an integral root. As b was arbitrary, we deduce that V() C U;_, I(h,).0

LEMMA 1.3. Let & be an n-dimensional density which satisfies the VW
condition. Suppose S C Z", m EN and vEZ" — {0} such that

(1.10) [{kEN:x+kvES} =m  foreachx€ES.
Then 6(S)=0.

PrOOF. Assume 6(S)> 0, and then a simple induction based on the VW
condition yields a contradiction. O

COROLLARY 1.3.1. Let § be an n-dimensional density which satisfies VW
condition. Fix T,,...,T, indeterminates, and let p(T,,...,T,)€E
Z[T,,..., T,]—{0}. Then 6(Z(p))=0.

ProoF. Proof is by induction on the index KEN(n)U {0} such that
pEZ[T,, ..., T;]. When k=0, p is a non-zero constant and the claim is
vacuous.

Suppose k is given for which §(Z(gq))=0 for each ¢g€Z[T,,..., T} —
{(0yCZ[T,...,T,], and assume pE€Z[T,,..., T,.,]—{0}. Let m and
q(T,, ..., T,) be respectively the degree and leading coefficient of p, regarded
as a polynomial in T, ,. Put

J={b,....,b))EZ": p(by,...,b,) =0},
(1.11) Ji={(0y,...,b)EZL": q(b,,...,b,) =0},
.]2=J—Jl.

By assumption, J, has density 0. Let vbe the k + 1-standard basis vector of Z".
For b €77, there are at most m values in

(1.12) {(b+rv:rEN}NJ,

because p(by, . . ., bx, Tesy, - - - » T,,) has no more than m roots as a polynomial
in T, over Q. Hence 6(J,) =0, and &(J) = d(J, U J,) = 4(J,) + 6(J,) must
be 0. . O
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Theorem 1.1 has been reduced to the following proposition, whose proof
occupies all sections after §2:

PropPosITION 1.4, Let fbe a monic irreducible polynomial of ZIX; T\, . . ., T,]
whose degree in X is = 2, and let d be an n-dimensional Q-diffuse density which
satisfies the VW condition. Then §(I( f)) = 0.

§2. Felner sequences

We give an argument, due to Furstenberg, demonstrating that a density
derived from a Felner sequence must satisfy the VW condition. A few
comments concerning the “Q-diffuse” condition are included.

Throughout this section, n € N is fixed. Let # be the set of functions from N
into the space of non-empty finite subsets of Z". For FE# and v€Z", let
“F + v” denote the function k — F[k]+ v.

There is an equivalence relation on %, which we denote by “ ~ ”, such that
for F,GEZ,

.1) F ~G = lim |FIKIAGIK]|/| FIk]} =0.

For FE# and S C Z", define the F-density of S to be
(2.2) J:(S)=limsup |S N F[k]|/|F[k]].

k—x
A member F € # is called a (n-dimensional) Felner sequence if F ~ F + vfor
each vEZ".
The following comments are elementary; verification is left to the reader.
For F a Folner sequence and é = Jp,

(2.3.a) for S CZ", 6(S)E[O, 1],

(2.3.b) forSCTCZ", d(S)=d(T),

(2.3.¢) forS, TCZ", (SUT)=4(S)+d(T),

(2.3.d) if Fis a Folner sequence, them lim, . .| F[k]| = oo,

(2.3.e) if GEF and G ~ F, then G is a Felner sequence and J = dg,

(2.3.f) a subsequence of a Felner sequence is a Folner sequence,

(2.3.g) if Fis a Foelner sequence, S C Z" and vEZ", then 6(S + v) = 4(S),

(2.3.h) if F is a Foelner sequence and {v,}2-, is a sequence in Z", then
k — F[k]+ v, is a Felner sequence,

(2.3.1) if FisaFolner sequence and L : Z" — Z" is an additive automorphism,
then L o F is a Folner sequence,
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(2.3) Z") =1 and 5({0}) =0.

The combinatorics of Folner sequences can be placed in the context of
ergodic theory. Regard the set of functions Z” — [0, 1] as a product of a family
of copies of [0, 1] indexed by Z"; let X denote this set with the product
topology. For v€Z", let 7, denote the continuous function X — X such that

2.9 (T,NHx)=fix+v) forfEXandxEZ".

Clearly 7,-T,=1T,,, for yy w€Z". For Y another topological space, let
C(X, Y) denote the set of continuous functions X — Y.

Let 2 denote the set of probability measures on 4, the Borel ring of X. Then
& is compact with respect to the topology induced by the family of functions

(2.5) {(u [ fau): fFECX, 10, 1]},

which is called the weak topology. For 7: X — X a continuous function and
UE P, define T*u € 2 by (T*u)(A) =u(T~'(4)) for A € B. Tautologically,
1 — T*u is continuous on 2. For § € X, let u, € 2 be the unique measure
such that | fdu, = f(8) for fEC(X,R). If fEC(X,R), 6E X and vEZ",

2.6) | s - A6,
Let m,: X — [0, 1] be the function 7,(6) = 6(0).
We are ready to prove
THEOREM 2.1 (Furstenberg). A Falner density satisfies the VW condition.

ProoF. Fix F a Felner sequence, S C Z" such that d.(S)>0, and bEZ".
Define §: Z" — [0, 1] by

1 ifxes,

2.7 0(x)= {0 ifx&S.

Let F,, be a subsequence of F such that

(2.8) lim |50 F[k]1/ | Folk]l = 0r,(S).

By the diagonal argument, there is a subsequence F; of F; such that for m EN
and v, ..., v, €EZ", there is a value c(v,, . . ., v,) €[0, 1] such that

(2.9) ,}ig.loanlk]I“ Y O +wv) - -0x+v)=clvy,...,0v,)

x€EF[k]
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Since £ is compact, there is a subsequence F, of F, and a measure vE #
such that

(2.10) |Fk]I™Y 2 Tup—v.

x€EFk]

Let vEZ". Continuity implies

T}v=1lim TZ"(IFz[k]I‘l - X T;"/to>
k= XERk]
(2.11) =lim |Flk]|™' - ¥ T¥,.u
k- x€EFi[k]
=lim |Flk]+o|™' - X THu,.
k= XEF[k]+v

For fE€ C(X, [0, 1]), put

(2.12) D= ’ f fdv— f Fd(T*v)
and then
@1y p-tm| iAW 2 AmO- 3 ATel|,
—© XEFy[k] XEFfk]+v
=D éliminf{le[k]I_l > |f(Tx0)|}’
ke XEFIKIAFK]+2)

=D =liminf | FAKIAEK] + 9)| = (.
k== | Folk]|

Thus, T}y =v.
Unwinding definitions yield that for mEN and v,, ..., v, €Z",

(2.149) f (Moo T,) - ~(moo T, )dv =c(vy, . .., Up).

Then 7, € C(X, [0, 1]) and | mdv = ¢(0) = 3z(S) > 0. Let T = T,. By the Poin-
caré Recurrence Theorem, there is d EN such that | z,- (750 T9)dv > 0. As
T¢ = T,,, we conclude

215)  lim [Fk]|™" - T 6(x)-00x +db) = (0, db)>0,

xEF[k]
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where

(2.16) |Fk}I7'- ¥ 6(x)-0(x +db)=|S NS —db)n Flk]|/|F[k]|,
XEFk]

for each kK €N. Consequently d¢(S N (S — db))> 0. a

Let W be a subset of o C P"(R). Put
2.17) LW)y={z,...,z,)ER:[z},...,2z,, 0]EW}.

For 8 €(0, 27), let L(W, 6) be the set of non-zero vectors in R" which make an
angle of < @ with some member of L. Let 6 be an n-dimensional density. The
reader should convince himself that J is Q-diffuse if and only if for every
proper Q-subvariety ¥ of o« and every ¢ > 0, there is 8 €(0, 2x) such that
J(L(V(R), 8))<e. The latter geometric criterion can often be verified by
computational methods.

Let v be a Haar measure — that is, a volume — on R”*. A simple example of a
Folner sequence which produces a Q-diffuse density is given by

PropPosITION 2.2. Suppose U is a bounded subset of R" whose closure and
interior have the same positive volume. Let {r,}{., be a sequence of positive
numbers that converges to co. Then (provided that none of its members is
empty), the sequence

(2.18) F:kw— {(vEZ":vETr,-U}
is a Folner sequence whose denisty is Q-diffuse.

PrOOF. We sketch the argument. The details are exercises in elementary
measure theory. Let I = [0, 1)*, and normalize v so v(/) = 1. Then for D a
measureable subset of R”,

(2.19) [{wEZ":w+IND+Z} zv(D)

where the cardinality on the left is the volume of U {w +I: wEE} where
E={weZ:w+INnD+#J}.

First, let é€(0, 1). There is a compact subset C of Int(U) such that
v(C)> (1 —¢)v(U), and an open neighborhood V of U such that (V)<
(1 + &)v(U). Let p be the smaller of the distances from C to the complement of
Int(U) and from U to the complement of V.

Let vEZ", and suppose r > (|| v || + ﬁ)/p. ForweZ".
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werU=w+I1CrV,
(2.20) w+INrC#+#g = w,w+vErU,
w+InNnrU+#Q = werl.
From (2.19) and (2.20), we conclude that for k>0

1— 7 - 1
z—:<[ NnrUN U v)|< +e

(2.21) .
1+¢ |Z" N rU| 1—¢

It follows tediously that F is a Folner sequence.

Next, suppose that W, C « is a proper Q-subvariety, and put W = W, (R).
Again, we leave it to the reader to convince him or herself that for €
0,2n), S(L(W,)=v(UNLW,8)v(U). (This can be verified by
approximating the intersection within by compact subsets and outside by
open subsets, as in the previous paragraph.) Now L(W) has volume 0, and
LWYN U =N {L(W, I/n)n U: n €N} isalimit of a decreasing sequence of
measurable sets of finite measure. Consequently, for every ¢ > 0 there is n EN
for which v(L(W, l/n)n U)<e. O

RemARk 2.1. For a density of the type constructed in Proposition 2.2,
Cohen’s estimates [1] yield stronger results than those under consideration.
However, Q-diffuse densities can be more exotic. For P € «o(R), the example in
the Introduction can be modified to produce a Folner density which vanishes
on S C Z"unless P €S if Pis not algebraic over Q, such a density is Q-diffuse.

§3. The algebra of translation

For fEQ(T},..., T,) and b EZ", the element f(T + b) — f(T) has a pole
along o of order less than that of f. Our present work relies on extending
[ f(T + b) to the algebraic functions. As the higher dimensional case is
messier than the 1-dimensional argument used in [7], a formal treatment is
given here.

For P a polynomial over a ring R and ¢ : R — S a ring homomorphism, let P’
denote the polynomial over S derived by replacing each coefficient of P by its
image under o. For k a field, let k* = k — {0}; also denote the ring of formal
power series in a variable T over k, and its field of fractions, by k[7'] and
k{(k)), respectively.
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THEOREM 3.1. Let K be a field of characteristic O and let K*/K be an
algebraic closure. Let || be a non-Archimedian valuation of K* whose restric-
tion to K is discrete and complete. Let R and P be respectively the valuation
ring of and the prime ideal of || restricted to K. We require that char(R/ #) = 0.
Let 7 be a generator of P and let : R — R be a ring automorphism such that
|x —o(x)| < |x| if x =mnor xis a unit of R.

(A) Suppose L/K is a subextension of K°. Then there is a unique ring
homomorphism t . L — K° such that

3.1 tr=0 and |x—1t(x)| <|x]| Jor all xEL*,

(B) Let 1 be the unique ring homomorphism which satisfies (3.1) for L = K°.
Define a function

(3.2) Ax)=x—1t(x) forx€EK"
Then for x EK® and € > 0, there is m €N such that |A™(x)| <e.

PrOOF. LetR, K, g, 2, || and K° be as hypothesized. Fix K a completion
of K*with respect to ||, and denote the norm of Kby || as well. Let R“ and ¢
be the ring of | on K°and its unique maximal ideal, respectively.

Let Sub be the set of subextensions of K/K. For L €Sub, let Hm(L) be
the set of field homomorphisms ¢: L — K*° for which o(R)=R. We say
o €EHm(L) has the *-property if |x —o(x)| <|x| for each xEL. Let L*
denote the unramified closure of L in K¢, and let L° be the closure of L* in
the || topology. Also let

(3.3) RE=R‘NL and PL=PNL.

We say L is discrete if the restriction of || to L is discrete.

Put k = R¢/#°, and fix ¢ : R° — k the canonical projection. For L € Sub, let
kt = p(R").

Suppose L €Sub and s EHm(L). Then ||°o = || on K; consequently, if
L/K is finite or if ¢ has the »-property, then ||co = || on L. If ¢ has the
»-property and L is discrete, it is clear that

(3.4.2) the continuous extension of ¢ to the topological closure of L
" must also have the *-property,

(3.4.b) @°0=g¢onR-~
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Put
3.5) M@)={x€L*:|x —a(x)| <|x|}.
If x, yEM(0),
|xy —o(xp)l = 1xy —xa(y) + xa(y) — a(x)o(y)|
(3.6) = |xy —o(xy)| =max{|x||y —o(y)|,|x —o(x)]|y|},
= xy EM(o),
and
lx ' —a(x ) =[xt [o(x)| 7! [o(x) — x| < |x]|7},
(3.7) =x"'eM(o).

Clearly 1 €M (o). Thus M(o) is a multiplicative subgroup of L*, When L is
discrete, o has the *-property if the units of R and a generator 2~ lie in M(0).

Let L €Sub so L/K is finite. By a system of ramified roots for L, we mean a
function w : N— K* such that

(3.8.a) Vm,n€EN, w(mn)™ = w(n),
(3.8.b) (1) is a generator of 2~ in RE.

In the context of a fixed system of ramified roots, denote w(1) by =n. Also, for
r€Q, let n" be the unique value in K¢ such that

3.9) VpEZ, VqgEN, (r=plg=r =(w(g)?).

Let T be a formal variable. The theory of discrete valuation rings of residue
class field characteristic O assures existence of a field isomorphism
0: k{{(T))— L% such that

(3.10.2) 8(k[T]) = R™,
(3.10.b) (T =m.
Consequently, the algebraic closure of L% is U, L[z ¥"].

Step 1. Uniqueness and Claim (B)

Let o, t€Hm(K®) so 6,z = 1,3 and ¢ and 7 have the *-property. We claim
o = 7. Now ¢ and 7 extend continuously to endomorphisms of K¢, and we
denote the continuations by o and T, respectively.

Let o be a unit of RX" and let ¢(T) be the monic minimal polynomial for a.
Let L be a splitting field of ¢(T) over K. Then ¢’ is irreducible and separable
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over kX, Now (¢°)? = ¢* splits in kX, and so g° also splits in L. As o(a) and 7{e)
are roots of ¢° = ¢ in L whose images mod( ") agree, we deduce o(a) = 7(a).
Consequently ¢ and 1 agree on K°.

Fix a system of ramified roots for K. Let T be an indeterminate. For n €N,
there is a unique d,(T)Ek[T] such that

(3.11.2) d(T)"=1+T,
(3.11.b) d,(0)=1.

Let K* = U, K°[n'"], and then K= is algebraically closed.

Let n €N. Now K® N K°[n'"] is dense in K°[7'""]. Thus ¢ and 7 still satisfy
the *-property on K°[n'"]. We have established that g,x = 7). From (3.10)
and uniqueness of the solution to (3.11), we conclude

(3.12) o(rn'™y=n".d,({o(n) — a}/n)=1(x"").

As (3.12) is true for every n, g and 7 agree on K, where K* C K=,

Define A on x EK* by A(x) =x — a(x). Fix n €N and put K’ = K°[n""]
where x €K’. Now (3.12) implies that A(K’) C K’. Hence, there is r €(0, 1),
dependent on z, so that |A(x)| =r-|x]| for each x €K’. Claim (B) follows.

Step 11. Existence

Let L &Sub so L/K is finite, and let ¢ EHm(L) have the *-property. We
claim that ¢ admits an extension to K° with the *-property. Fix a system of
unramified roots for L. Uniqueness of unramified closure implies that there is
an extension ¢* of g to L* such that ¢ - ¢* = ¢. Then M (c") contains the units
of R%* and a generator of that 2, so ¢* satisfies the *-property. Let g, denote
the continuous extension of ¢* to L° and let d,(T) be the power series
described in (3.11.a,b). The defining property of {d,(T)}., insures that

(3.13) Vm,n€N,  d(T)" =d,(T).

Let L°=J,., L[n""]. The characterization of L® given by (3.10.a,b)
implies existence of a homomorphism ¢ : L* — L*® which agrees with ¢ on R%’
and such that g’(z"") = n'" - d,({o(n) — n}/n) for each n EN. Now ¢’ factors
to a ring endomorphism of k£*; as every class in this quotient is represented by
an element in L9 the factored map is the identity. Consequently, M(a”)
contains the units of RL” and n'" for each n €N. The homomorphism ¢’
extends ¢ and satisfies the *-property on a domain which includes the algebraic
closure of K. O
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DEerFINITION 3.1. Let K be a field, let L/K be an algebraic extension field,
and let || be a non-Archimedian valuation on L. A field homomorphism
o: K — L is called a shift if the two properties of Theorem 3.1 hold, that is,

(3.14.a) Vx€EK, |x —a(x)| < |x]|,

for A the function x —» x — g(x), xEKand ¢ >0,

(3.14.b) )
there is m €N such that |A™(x)| <e.

Observe that the condition that ¢ be a shift depends only on the prime
associated to | .

DEFINITION 3.2. Let k be a field, let nEN, and let T=T,,..., T, be
indeterminates. Identify k(T) with the field of meromorphic algebraic func-
tions on P*(k), and let oo denote the prime of this field associated to the
co-subvariety. We leave it to the reader that for v€k", the homomorphism

(3.15) p(T) = p(T +v)

is a shift on k(T) with respect to oo. Denote this shift, as well as any shift
extending it to a subfield of an algebraic extension of a completion at oo, by sh, .

THEOREM 3.2. Let k be a field of characteristic 0, let nEN, and let
T=T,...,T,beindeterminates. Let L be an extension field of k(T) and let ||
be a non-Archimedian valuation on L. Assume

(3.16.3) the restriction of || to K corresponds to the prime o,
(3.16.b) L is an algebraic closure of a completion of k(T) in || .

Lete, ..., e,denote the standard k-basis for k". For c €k and r EN(n), let sh,.,,
denote the shift on L with respect to c - e,, and also define A ,(x) = x — a..,(x) on
x€L. For r€N(n), let K, denote the algebraic closure of k({T}};,,) in L, and
let K denote the algebraic closure of k(T) in L. Let k* denote the algebraic
closure of k in L.

(A) For c€k* and rEN(n), ker(A.,) N K =K,.

(B) Let x€K. There is m €N and a sequence c,, . . ., c,, Ek* such that
(3.17) {Ayro-eA,, }(x)=0
ifand only if x€K,[T,].

(© N/_, K[T,]1=k[T).
PrOOF. (A) Clearly, for v€k" C (k*)", the v-shift on k°[T] defined with
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respect to choice of ground field k“ is also a v-shift as defined with respect to k.
Without loss of generality, assume r = 1. Fix cEk*. Put o = sh.;andA=A,;.
Let

(3.18) N=ker(Ag)={x€EK:a(x)=x}.

Clearly N is a field.

The assumptions ¢ # 0 and char(k) = 0 render many combinatorial steps
trivial. It is easily established that N N k[T, ..., T, 1 = k[T, ..., T,). Also, if
p is an irreducible polynomial in k[T,,..., T,] such that 3, p >0, then
{6/(P)}2o is an indexed family of pairwise coprime irreducibles. From this
observation, it is simple to show

(3.19) NOK(T,...,T,)=k(Ts,...,T,).

If P(X) is the monic minimal polynomial for « €K over &(T), then ()
satisfies the irreducible polynomial P°. Consequently, A(e) = 0 only if €K ;.
We have N C K.

To prove that N = K|, it suffices to show A vanishes on « € K which are
integral over k[T, ..., T,]. Proof is by contradiction. Suppose « is integral
over k[T,,...,T,] and A(a) # 0. There is mEN so |A™(a)| = 1. Since o
preserves k[T, ..., T,], A maps the integral closure of k[T5, ..., T,] to itself.
Let P be the monic minimal polynomial of A"(«). Each coefficient of P lies in
k(T ..., T,]and in the valuation ring of || . But then P has coefficients in k,

(3.20) A"(a)Ek*= A" (a) = 0.

Replacing o by A*(«) for a suitable k, we may assume that A(a) # 0 and
A¥a)=0. Let y =A(a). Then yEN and o{a) =a —y. Since char(k) =0,
{o*(e) : K EN}) is an infinite set. But o permutes the conjugates of « over N,
which is a finite set. We have reached an impossibility.

(B) Let r€EN(n) and c €k*, and put A= A_,. From (A), it is simple to show
that A restricts to a surjection K,[7,]— K,[T,]. If x EK so A(x)EK,[T,], then
for y €EK,[T,] such that A(x) = A(y),

(3.21) x — yEker(A) =K = x €K,[T,].

This technicality implies (B).

(C) Proof is by a double induction. If n = 1, then K = k“ and the claim is
tautological. Assume # €N is chosen so that the result is true when the number
of indeterminates is less than n. For j €EN(n), let 9; be the degree map on K[ T}].
Let a €M/, K;[T}], and let m = 8, If m = 0, we are done by induction.

j=
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Without loss of generality, we may assume m = 1 and the result is true for
BEN/-, K,[T,] such that 3,8 < m. Express

m
(3.22) a= %X aT,
r=0
where a, €K, for each r. If a, €k*[T\, ..., T,_,], then applying the inductive
hypothesis to « — a,, T" finishes the argument.
There is a unique algebraic derivation D of K such that

D(k)= {0},
(3.23) D(T)=0 forjEN(n —1),
D(T,)=1.

General nonsense states that D maps K] into K; for jEN(n — 1) and that
D(K,) = {0}. Consequently, D maps K;[7;] into itself for each jEN(n). In
particular, Da C M/, K;[T}]. But now

(3.24) Da= Y ra,T.7!,

r=1
and s0 3,(Da) <m.Thus Da€k*[X,,..., X,]and a,Ek[X,, ..., X,_]. We
are done. O

§4. Points of concentration

If a holomorphic germ f about the point « in P! vanishes on an infinite
number of integers, then f= 0. In this section, the principle is extended to
germs on P, Fix n €N and a choice of homogeneous coordinates ¢,, . . ., £, ;
on P*.

The domain of a function fis denoted by dom( f). Suppose S C Z" C P,
Define /(S)=S — S =5 N o. Now S = S U I(S), Sis a discrete subset and S
is compact. Hence, if U is a neighborhood of /(S), then S — U is finite.

DEFINITION 4.1. Let § be an n-dimensional density, let x €EP* and let
S C Z". Obviously, the following conditions on x are equivalent:

(4.1.a) for U is a neighborhood of x, (S N U) >0,

for U s a neighborhood of x, there is M C S such that

(4.1.b) —
M C Uand 6(M)> 0.
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If (4.1.a,b) hold, we say that x is a point of concentration for .S in d. The points
of concentration for S lie in /(S).

LEMMA 4.1. Let § be an n-dimensional density and let S C Z". Suppose
4(S)>0.

(A) There is a point of concentration for S.

(B) If 4 is Q-diffuse and W is a proper subvariety of «, then there is a point of
concentration for S which is not on W(C).

Proor. (A)If no point of concentration for S exists, then there is a cover of
/(S) by open sets U such that 6(S N U) = 0. But /(S) is compact, and thus there
would be a finite subcover, in which case 4(S) = 0.

(B) Simply replace Sby S — U where U is a neighborhood of W(C) such that
o(Z" N U) < 6(S)2, and invoke (A). a

The main result of this section is

THEOREM 4.2. Let U be an open subset of P*(C) such that U N o is
connected. Let 6 be an n-dimensional density which satisfies the VW condition.
Suppose S C Z" such that S—SCUand i(S)>0.

Let a be a holomorphic (o N U)-germ into C. Suppose there is a representa-
tive f of a such that f(s) = 0 for each s €S N dom( f). Then a = 0.

PrROOF. Assume the stated hypothesis. Note that if there is a representative
f of a which vanishes on S N dom( f), then for any representative g of a, g
vanishes on S N dom(g) minus a finite set; hereafter, we ignore these finite
sets.

Affine coordinate changes preserve Z” and change densities to densities.
Without loss of generality, we may apply affine transformations.

Let x =[x,,...,X,+1] be a point of concentration for S. After suitable
change of coordinates, we may assume that x, # 0. Let f represent «. It suffices
to prove that f vanishes on a neighborhood of x. Our proofis by contradiction;
assume that the x-germ of f is not 0. Let V' be the 1st chart of P*(C), and let X;
be the coordinate function £, ,/t, on V. Let ; = X;(x) for j €N(n). Continuity
assures that f(x) = 0.

There is a neighborhood U, of x such that U, C dom(f) and there is an
expansion of fin terms of the 1st chart coordinates

4.2) Koy, X)) = kfl XK=y Xy — 1),
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where f.(T}, . .., T,) is a homogeneous polynomial of degree k over C for each
k €N, and the sum converges absolutely and uniformly on U,. By assumption,
f. # 0 for at least one index k. Suppose d EN so (T,)? divides f (T}, ..., T,)
for every index k. In this case, f/(X, — u,)? is a holomorphic function on U
whose germ is non-zero but which still satisfies the hypothesis of Theorem 4.1.
Without loss of generality, assume there is at least one index k for which
7,4 f.
For ¢ €EZ, let o, be the affine transformation

4.3) [t tard = [ttty Clyy oy by Cly tyii)
Obviously g, preserves the 1st chart and

(4.4.a) Ve, dEZ, 0,°0;=0,,4,

(4.4.b) a, is the identity morphism.

Let c EZ. Put v; = X;(0_.(x)) for jEN(n), and then f o g, is given by a power
series

(45) 2 gk(Xl V..., Xn - Un):
k=1
where
4.6) g(T,...,T,)=flT,Ty+cT, ..., Ty_,+cT,T,) for kEN.

We are free to replace o with the germ of f» g, for any of the infinitely many
¢ EZ. Hence, there is a suitable change of coordinates which reduces us to the
case where there is kK €N such that the (7,)* coefficient in f; is a non-zero
complex number.

Let 1 denote the 1st chart map. By the Analytic Weierstrass Preparation
Theorem, there exists U, open in C" ! and r €(0, ) so that, for B = B(u,, r),
U, =1(B X U,) C U, is a neighborhood of x and, and terms of the coordinates,
frestricted to U, satisfies

f(Xh s aXn)
4.7) k-1
=pX, ..., Xn)‘{(Xl - ul)k + Zo ﬂj(Xz, v X)X — ul)j} ’
=
where f; is homomorphic on U, for each j EN(k — 1) U {0}, and £ is holomor-
phic and non-vanishing on U,. Let M =S N U,. If dEM has coordinates
(d,, ..., d,) with respect to the standard basis of Z", then
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0={—-— + . fn>1,
<d1 “ ”’ 4’ d, dl a, )

o=(1-u)+S (1 : fn=1
=|——wu} + A——u ifn=1.
(d ‘> 25\ ’>

I

(4.8)

If n =1, there are at most k points for which (4.8) is true. If n > 1, then for
dyd,,...,d,EZ,there are at most k values d,EZ for which (d}, ..., d,)EM.
But choice of x implies that A has positive density. A contradiction of Lemma
1.3 has been reached. O

§5. Spaces with ramification constraint

We wish to combine the algebra of §3 with the geometry of §4. To do so,
roots of polynomials in several variables must be embedded inside a field
which is closed under “shifts” and whose members are functions. Unfortuna-
tely, shift operations preserve few finite extensions of the ground field. We
shall produce a suitable field of germs, which corresponds to an infinite
extension field, in which algebraic shifts have geometric meaning.

The objects of central interest are functions between complex varieties
f: U~ V which are locally invertible outside a prescribed set I C U. We refer
to such a specified set I as a “ramification constraint”. Much of the nuances of
non-smooth varieties are avoided by working in the language of covering
spaces. Ultimately, we get results for a subset 7 of a complex manifold U when
there is a function ¢: U — C such that / = ¢~ '{0} and the Jacobian of ¢ is
non-vanishing on I. The structure theory developed here merely rephrases
existing theory to emphasize the shift operations of §3.

For X a topological space and x € X, let m,(X, x) be the fundamental group
of X based at x. In most cases X will be pathwise connected, and we omit
reference to x without ambiguity. If f: X — Yis a continuous function between
topological spaces and x € X, denote the induced map #,(X, x)— n,(Y, f(x))

be*-

DEerFINITION 5.1. Let U be a locally compact Hausdorff space. By a ramifi-
cation constraint for U, we mean a non-empty connected closed subset 7 C U
such that for each x &7 and each neighborhood V of x in U, there is a
neighborhood W of x in U such that

(5.1) W CV and W — Iispathwise connected.
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We refer to a pair (U, I) of a topological space with a choice of (ramification)
constraint as a space with constraint. Often we identify U with the pair, and
denote I by o or woy.

For (U, I and (V, J) spaces with constraint, a continuous function f: U = V
is said to be almost Lh. (almost locally homeomorphic) if

(5.2.a) f is locally homeomorphic ateachx €U — I,
(5.2.b) AU-NDCV—-J and A(I)CJ,
(5.2.0) [ is proper and open.

For m €N, we say fis an almost m-fold cover if | f~'{v}| = m for vEV — J.

LeMMA 5.1. Let X, Y and Z be locally compact Hausdorff spaces, letD C Z
be a dense subset and let f: X — Z and 1: Y — Z be proper open maps.

(A) SupposemENso | f~'{u}| = mforeachu€D. Then |f '(z}| = mfor
eachz€Z.

(B) Let F: f~'D — Y be a continuous function. Suppose

(5.3.2) 1oF = f,
(5.3.b) 1~Yz} is a discrete subset of Y for zE Z,

JorVopeninXandx€V,

5.3.c
( ) there is an open set W C Vsox EWand W N f~'D is connected.

Then F has a unique continuous extensionto F': X =Y, and 1- F' = f.

Proor. We sketch the argument.

(A) Let zEZ and let x,,..., x, be a list of distinct points in /~!{z}. Let
Vi, ..., V,be alist of pairwise mutually disjoint open subsets of X such that
x; €V, for each jEN(n). As fis an open map, U=/, f(V,) is an open
neighborhood of z. There is u€D N U, and then |/ '{u}| = n. Con-
sequently, m = n.

(B) Let

(5.49) I'={(x, X)) : x€dom( f)},

and let I be the closure of I'in X X Y. If 4 C X is compact, then F(4 N D) is
contained in the compact set 1 ~' f(4). Point set topology states that if for each
x € X there is no more than one y €Y so (x, y)EI", then I is the graph of a
continuous extension of F. All other claims follow easily.
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Suppose x € X. Index 1~ '{ f{x)} as y,, ..., y, where n = |17'{ f(x)}|. Let
V..., V,be alist of pairwise mutually disjoint open subsets such that y; € V;
for j EN(n). Since 1is proper and Z is locally compact and Hausdorff, there is a
neighborhood U of f(x) such that:~!U C U, V. Let W be a neighborhood of
x-such that W N f~'D is connected and W C f~'U. Then F(W) is connected,
and there is an index kK EN(n) so F(W)C V,. Clearly if yE Y so (x,y)EI",
then y must be y,. O

THEOREM 5.2. Letn €N. Let A : C* — C" be the polynomial function whose
J-th coordinate is the j-th Newton symmetric polynomial. Let

I={z€C": 3j,kEN(n)soj +# kandz; =z},
(3-5) J = ().
Then (C", I) and (C", J) are spaces with constraints and A : (C*, I)—~(C",J) is
an almost n-fold cover. Moreover, the Jacobian of A is invertible at each
xec"—-1.

Proor. Standard theory includes the relevant properties. 0

DEFINITION 5.2. Let (U,I) be a space with constraint. Assume U is
connected. A neatly holomorphic structure for (U, I') is a complex manifold
structure % on U such that there is a function ¢: U — C for which

(5.6.2) o is holomorphic with respect to &,
(5.6.b) I =a710},
(5.6.¢) the rank of the Jacobian of g is 1 at each point in /,

(5.6.d) 0, (U —I)— m(C — {0}) is a group isomorphism.

Such a map o is referred to as “axial”.

If Uis a neatly holomorphic space, M is a complex manifold and f: U — M is
a function, we say fis neat if fis holomorphic and the Jacobian of fis invertible
ateach z€U — woy.

For our next comments, fix U a neatly holomorphic space with constraint,
and fix ¢ an axial function of U.

DEFINITION 5.3. Let co = woy. The ring 0, is a domain and the set 2 of
germs in O, which vanish on oo form a principal prime ideal generated by .
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The localization of ¢ at 2 is a discrete valuation ring. For the rest of this
paper, “co-valuation” refers to any choice of valuation for this particular ring.

There is a unique subring A" = A" C .# , with the property thatif y €0, is
axial, then 4" = Oy ~']. A germ a €4 _ is said to have axial denominator if
and only if x € 4". The intersection of A" with the ring of the oc-valuation is
exactly 0.

Let x €Eoo,. There is a local holomorphic coordinate system X,,..., X,
where X, = g. Therefore there is a basis of neighborhoods at x which, in
appropriate coordinates, are products of open balls and in which 7 corresponds
to the hyperspace X, = 0. Consequently, there is a basis of open neighbor-
hoods W of x such that (W, ccy N W) is a neat holomorphic space with
constraint. We may apply the theory of several complex variables within such
charts. Consequently, if 6: U — M is a continuous function into a complex
manifold which is holomorphic on U — ooy, then 8is holomorphic on all of U.
In particular, given the structure of an n-dimensional complex manifold on
U — ooy forsome n €N, there is at most one extension to a neatly holomorphic
structure on U.

The axioms assure existence of a non-canonical isomorphism 7,(U — o0 y) =
Z. Let V be a neatly holomorphic space with constraint and let §: VV—Ube a
neat almost m-cover. General nonsense implies that 6, (m,(V — coy)) is the
unique subgroup of 7, (U — o) of index m.

Let V| and V, be neatly holomorphic spaces with constraint. For j €{1, 2},
let m; €N, let §;: V; —~ U be a neat almost m-cover, let co; denote o, and let
Uy €V, — o0;. Assume m, | m, and 6,(v,) = 6,(v;). Covering space theory and
Lemma 5.1 assure existence of a unique holomorphic function F: V', — V; so
6,0 F =6, and F(v,) = v,. If m; = m,, then F is biholomorphic.

Next, fix m €EN. Let

(5.7 V={(u,r€UXC:a(u)=r"}.

Assign to V the subset topology from U X C. It is simple to demonstrate
existence and uniqueness of a complex manifold structure on V such that
ny and me are neat and 7¢ is axial for the choice ooy =¥V N (U X {0}).
Moreover, 7y, is a neat almost m-cover. The m-th roots of unity act on V
by &-(u, r)=(u, ¢r).

We have outlined several existence, uniqueness and lifting theorems. The
following applications are simple consequences, and their proofs are left to the
reader:
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DEFINITION 5.4. Let Ube a neatly holomorphic space with constraint. By
a (geometric) shift on U, we mean a holomorphic co,-germ « into U such that

(5.8.9) a determines the identity map on ooy,

for x € vy, T, the complex tangent space at x, and W the
(5.8.b) subspace tangent to x0, the factoring of the differential of
at x to an endomorphism of 7,/W is the identity function.

If o is axial and frepresents a germ « which satisfies (5.8.a), then (5.8.b) is
equivalent to requiring that the differential of ¢ — (g ° f) vanish on ooy.
Alternatively, if fE.# = M4, is non-zero then |f —foa| <|B] for || any
oo-valuation of .#; that is, a, : f — f o« is a shift in the sense of Definition
3.1. Observe that a,, maps the ring A", to itself.

LEMMA 5.3. LetmENandlet 0. W — U be a neat almost m-cover between
two neatly holomorphic spaces with constraint. Let u,, be the set of m-th roots of
unity and let of be the set of holomorphic «y-germs o into W such that
0 = 0ca. Then o/ is a group under composition and there is a group isomor-
phism w : s — p,, such that for « € of and x € o, the determinant of da at x is
w(a). Moreover, if [ is a holomorphic function (respectively, holomorphic
o y-germ) which is invariant under o4, then f factors through a holomorphic
Sfunction (respectively, holomorphic o -germ) on U,

COROLLARY 5.3.1. Let mEN and let 8: W — U be a neat almost m-cover
between two neatly holomorphic spaces with constraint . If o is a shift on U, then
there is a unique shift § on W such that « =8 - §.

Proor. Identify W with V of (5.7), in which case f is the restriction of
o X IC to V.

DErFINITION 5.5. Let n €N and fix a choice of homogeneous coordinates
for P*. Let U be an open subset of P*(C) such that (U, woy) is neatly
holomorphic for .o, = U N . For vEZ*, let sh, be the oo -germ determined
by the affine function associated to T > T + v on Z". Then sh, is a geometric
shift. In general, if m €N and 6: V' — U is a neat almost m-cover, define the
v-shift (of V via ) to be the shift g such that sh,o 8 = 6 - 8, and denote f or its
germ by sh, or sh, .

DEerFINITION 5.6. Finally, we need to lift the notion of a Z-rational point in
a manner consistent with shifting. Let m, nand : V' — Ube as in the previous
paragraph.
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By a lattice structure on ¥, we mean a function s: Z* N U — ¥V such that
(5.9.a) 6 5 is the identity map,

if vEZ" and fand g represent sh, , and sh, ;;, respectively,
(5.9.b) then there is a neighborhood U’ of ooy in U such that
(fes)x)=(seg)x)forxEs™'U".

We claim that for each x € co(C) € P*(C) there is a basis of neighborhoods U
of x each of which admits an almost m-cover ¥ on which is a lattice structure.
To demonstrate this, it suffices to construct a lattice structure over the 1st
chart.

Fixn,m&€Nand¢,...,,,, asystem of homogeneous coordinates for P*.
Let U be the Ist coordinate chart, and put T; =1, ,/t; for jEN(n). Put
ooy = oo N U, and then (U, coy) with the submanifold structure is a neatly
holomorphic space with constraint on which T, is axial. Let X, ..., X, be the
usual coordinates on C", and let oo’ denote the set determined by X, = 0. In
what follows, we regard C" as the neatly holomorphic space with constraint
(C", 0').

Define #: C* — U by

Tic0=X%  forjEN(n —1),

.1
(-1 T, o6 =(X,)".
Then 6 is a neat almost m-cover. For v={(v,...,,), direct computation
verifies that the germ of the ¢-shift on U in terms of coordinates 7, ..., T, is
T, +v.,T, .
-’—UJ'H_ ifj #n,
1 +v7,
(5.11) Tiosh,;, =
T, i
ifj=n.
1 +0T,

Let y be the unique holomorphic function on B(0, 1) with the property that
y(z)" =14 z" and y(0) = 1.
Fix w €C so ™ = — 1. For c €R, put

/m f > 0
(5.12) og = {1l re=s"
wlc|"" ifc<O.

Let v=(v,...,v,)EZ". The reader may verify by direct calculation that 3,

the v-shift on C" via 8, is given in terms of the coordinates by
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X+ v, X7

ifj # n,
14+, X9
(5.13) Xiof=
X, .
_— ifj=n.
ym(wlen)
Let s: Z" N U— C" be the function
(5.14) S([bl, caey bn+1]) = (bz/b], ceey bn/bb w(bn+l/b|)).

Then s is a lattice structure via 6.

Finally, we interpret roots of polynomials as both functions and germs.

Let peQ(T,, ..., T,). Let Q be the set of all subvarieties in the divisor of p
except oo, and let V( p) be the union of C-rational points over members of Q.
Then p determines a non-vanishing function (also denoted by p) on P*(C) —
V(p) — oo(C). For X another indeterminate and P(X) a polynomial over Q(T),
define V(P) to be the union of sets V'( p) where p varies over the non-zero
coefficients of P and the discriminant of P.

LEMMA 5.4. Let U be an open subset of P"(C) contained in some coordi-
nate chart. Let o, = oo N U, and assume (U, co,) is a neatly holomorphic space
with constraint. Put My= M ., and embed C(T)C M, in the canonical
manner.

Let P(X)EQ(T)[X] and suppose V(P) N U = & . Let m be the degree of P as
a polynomial in X. Let 0: V — U be a neat almost m!-cover, let #, be the field
of meromorphic germs at co, and regard # , as a subfield of # . Then P splits
in M, and its roots have axial denominator.

ProofF. The assumption that U lies in a coordinate chart implies the
existence of an axis ¢ for Uin Q(T). Let g be the leading coefficient of P; then
P, = g~ 'Phas the same roots as P, and satisfies the hypothesis. Without loss of
generality, assume P is monic. Furthermore, the assumption on V,(P) implies
that there is r €N U {0} such that the coefficients of P’ = ¢"™~YP(X/(c")) are
non-vanishing holomorphic functions on U. It is clear that P’ satisfies the
hypothesis, and the conclusion for P’ would imply the result for P. For the
remainder of the argument, assume P is monic with coefficients holomorphic
on U.

Let 8: VV— Ube as hypothesized. Let A, I and J be as stated in Theorem 5.2,
Let f: U — C" be the function whose j-th coordinate is the (j — 1)st coefficient
of P. Our assumption on discriminant implies that f{U —oo) CC" —J.
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Let z,€V — w0, and w = f(8(z). For yen(V — oy, z), there is a«E
n(C* —J, w) for which a™ =(f°8),(y). There is a canonical action by
m(C"—J,w) on A"Y{w}, and A"!{w)} has m elements. Consequently,
(f80),(y) acts trivially. Choose y €A~ '{w}. Then there is a unique holomor-
phic function Fy: V — oo, —~C" — 1T such that Ao Fy=f-0 and Fy(z))=y.
Lemma 5.1 implies that F; has a holomorphic extension F. For j EN(n), let x;
be the j-th projection C* —C, and let F; = x; - F. Consequently,

(5.15) PX)= [l (X-F),

JEN(n)

where expression (5.15) is expanded as polynomials in X over the ring of
holomorphic functions on V. The analogue holds for germs. O

§6. Proof of Proposition 1.4

We are ready to prove Proposition 1.4. It is an easy consequence of the
assembled machinery. Proof is by a series of reductions.

Fix n €N, fix a choice of homogeneous coordinates on P"(C) and fix J a
Q-diffuse n-dimensional density which satisfies the VW condition. Let X and
T=T,...,T,beindeterminates.

First, consider an irreducible monic polynomial P of Z[ X'; T] which depends
on X, and suppose d(I(P))> 0. Let x be a point of concentration for I(P)
which is not contained in V;(P). Choose an open neighborhood U of x such
that

U is contained in a chart associated with

(6.1.a) ) .
the choice of homogeneous coordinates,
(6.1.b) (U, «’) is a neatly holomorphic space with
o constraint for oo’ = o0 N U,
(6.1.c) uUnvpP)=¢g.

Let 6: V— U be a neat almost m!-cover, and let .# denote the field of
oo p-germs. Fix a lattice structure s: Z" — V.

Suppose « €.# has axial denominator. Then we may regard « as a class of
functions whose domains are neighborhoods of oo’ minus a subset of «’. For
M C Z"such that M C U N Z", we say « is integral on M if for one representa-
tive f€«a (and, consequently, for all representatives), fassumes values in Z on
s(M) N dom( f) minus a finite set.
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Letay, ..., a,betheroots of Pin . Each a;has axial denominator, and, for
at least one index k EN(r), a, is integral on a set M C Z" of positive d-density
such that M — M C U. It is sufficient to prove that such an o, must be in Q[T].

For the rest of the argument, fix U, V, 6 and s; we ignore P. For convenience,
say M C Z" is properly concentrated if M-MCU.

Suppose a € C[T] is integral on a properly concentrated set of positive
d-density. Express

t
(6.2) a= Y ge,
j=1

where tEN, e, ..., e, are Q-linearly independent complex numbers, ¢, = |
and g, ..., & €Q[T]. But for jEN(¢) — {1}, Z(g;) must contain M which by
Corollary 1.3.1 forces g; = 0. Consequently, a €Q[T].

Proposition 1.4 has been reduced to showing that if « €.# is integral on a
properly concentrated set and has axial denominator, then « EC[T]. Now .# is
closed under algebraic shifts, so we may use Theorem 3.2 for the choice k = C.
In particular, we are reduced to finding for each r&N(n) a sequence
..., Cp €N for which (3.17) holds with « in place of x.

Let r EN(n) and suppose o € .4 is integral on a properly concentrated set A/
of positive d-density and has axial denominator. Consider the geometric inter-
pretation for shifts of .#. Then the VW condition states that there is k €N and
N C M such that 6(N)>0 and « — sh;,(a) remains integral on N. Now the
valuation on .# is discrete. Thus there is a sequence &, . . ., k,, €N such that

(63) B = {Ak.;r O °Akm;r}(a)

is in the intersection of 0, with the prime ideal of the oo, -valuation and is
integral on a properly concentrated set of positive d-density. We are reduced to
proving that 8 = 0.

Let frepresent 8. Then f~'B(0, §) is a neighborhood of o ,.. Consequently,
actually vanishes on a properly concentrated set of positive J-density. Let o/
be the group of holomorphic functions 7: V' — V such that 87 = 6. Then
y =TIl B 1 factors to a holomorphic germ on U which vanishes on a
properly concentrated set of positive d-density. By Theorem 4.2, y = 0. But
then, finally, § must be 0.
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