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ABSTRACT 
Let f(X; Ti . . . . .  T,) be an irreducible polynomial over Q. Let B be the set of 
b~Z" such that f(X; b) is of lesser degree or reducible over Q. Let ~ = 
{Fj}j%~ be a F~lner sequence in Z" q that is, a sequence of finite nonempty 
subsets Fj ___ Z n such that for each v~Z", 

lim I~  tq (~  + v) l = 1. 

Suppose  ~r  satisfies the  extra condi t ion  tha t  for W a proper  Q-subvar ie ty  o f  
P" - A ~ a n d  e > 0 ,  there is a neighborhood U of W(R) in the real topology 
such that 

lim sup IFj N UI <e, 

where Z" is identified with A"(Z). We prove 

lim IFj ~BI  =0.  
J-~ IFjl 

I n t r o d u c t i o n  

Let  X ;  T l . . . . .  T.  be  i n d e t e r m i n a t e s  for  some  n ~ N .  F o r f ~ Z [ X ;  7"1 . . . .  , T . ]  

i r r educ ib l e ,  def ine  

(1) V ( f )  = {b ~ Z" : Oxf(X; b) < Oxf(X; T) o r  f (X;  b) is  r e d u c i b l e  o v e r  Q}.  

I f  f =  f . . . . .  fk is a s e q u e n c e  o f  i r r e d u c i b l e  p o l y n o m i a l s  in  Z [ X ;  T],  let  

v ( f )  = U j \ ,  v(£). 
T h e  c lass ica l  H i l b e r t ' s  I r r e d u c i b i l i t y  T h e o r e m  s ta tes  t h a t  Z " - V ( f )  is 
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infinite for every sequence f of  irreducible polynomials. This is a very weak 

statement about F( f ) .  Much stronger constraints are known, both for generalf  

and for those sequences with further restrictions; see, for example, the work of 

Cohen [1] and Fried [3], [4]. 
Let ~ --- {Fj }9-~ be a sequence of finite non-empty subsets of  Z". Then ~" is 

a Folner sequence if for each vEZ",  

(2) l im I Fj n (Fj + v) l = 1. 
J -~  IFjl  

In ergodic theory, one can define a higher dimensional "time average" of a 

bounded function f :  Z" ~ R by 

(3) lim sup I -~ j  I { j -~  x ~ f ( x ) } ,  

which has the translation invariant properties of the classical time average. 
Furstenberg considers higher dimensional averages in [5]. Define the ,~- 
density of a subset B _ Z n by 

IBn~l 
(4) 5(B) = lim sup 

tFjl 

When ~ is a Folner sequence, the function 5 has many of the properties of a 
Haar measure - -  e.g., translation invariance, positivity - -  but vanishes on 

finite subsets. Our main theorem is 

THEOREM A. Let oo be the variety P" - A " ,  and identify Z n with An(Z). 

Suppose ~ is a Folner sequence and 5 satisfies the following condition: if  W is a 
proper Q-subvariety of oo and e > O, then there is a neighborhood U of W(C), 
with respect to the complex topology of  P"(C), such that 5(Z" n U) < e. In this 
case, 5 ( V ( f ) ) = 0  for every sequence of irreducible polynomials f in 

Z[X; T1 . . . .  , T,]. 

For example, setting Fj equal to the set of  integer points in [ - j , j ] "  

determines a Folner sequence which satisfies the hypothesis. In this case, 

Cohen shows that V ( f ) n  Fj grows at order at most j ,-l/2 log0), and also 

characterizes the bounding constant. His argument uses number theory to 
produce a global estimate based on local analysis at each prime of Z. Our result 

is not so sharp; we assume the theorem fails and produce a contradiction in a 
non-constructive manner. 
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We should mention that other, more constructive, methods can be used to 

describe a set of  the form V(f) .  A set H is called a universal Hilbert subset 

(UHS) if H n V( f )  is finite for any choice o f f .  Sprind~uk [11], [12] has 

explicitly given UHSs; in some cases, he has a criteria for an irreduciblefunder 

which H n V( f )  is computable. 
The proof of  Theorem A is modeled on Hilbert's original argument [7]. The 

reasoning is combinatorial rather than number theoretic. Our generalization 

relies heavily on work of  Furstenberg which extends a lemma used by Hilbert 

to higher dimensions: 

(5) 
the Van der Waerdon condition: i f5  is an ~-dens i ty  

for some Folner sequnce ~ ,  vEZ" and B C Z" so 5(B) > 0, 

then there is k E N so 5(B n (B + kv)) > O. 

We include a short proof, conveyed to the author by Furstenberg in con- 

versation. 
The author does not know if the condition on ~ in Theorem A is necessary. 

We will first give an example where it fails, and then outline the proof of  

Theorem A to illustrate our present need for the restriction. Suppose n = 2, 

and for j  ~ N let Gj be the set of  integer points in R 2 which are less than distance 

j from (22, 0). Let 5' be the corresponding density. I f M  ___ Z", then 5(M) = 0 
unless the closure of  M in p2 contains the point with homogeneous coordinates 

[ 1, 0, 0]; in practice, 5' detects only behavior near this point. 

Suppose f E  Z[X; T I , . . . ,  T,,] is irreducible. Put 

(6) W =  ((r, tl, • • •, t . ) E C  "+1 : f (x ;  t~ . . . .  , t,) = 0}. 

We may regard Was an algebraic variety defined over Q, and regard (x; t)---- (t) 

as an algebraic projection to'A" __. P". Our sole interest in Wis that it admits a 

rational function a : ( x ;  t ) ~  x which may naturally be treated as a root o f f .  

Without loss of  generality, we may replace W by a normalization; smoothing 

W is permissible. In particular, we may enlarge W and extend projection to a 

function 0 : W ~ P" whose image now overlaps oo. Let B be a set o fb  E Z ~ such 

that a assumes an integer value on 0 - 'b. Theorem A reduces to the claim that 

i fS(B) > 0, then 8x f  = 1 - -  that is, a is the pullback of  a polynomial on P". If  

x ~ W is a smooth point at which 

(7.a) a is holomorphic, 

(7.b) O(x) is a limit point of  B, 
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and some technical conditions hold, it is not difficult to prove that a must be a 

constant. Now suppose x ~ Wsuch that O(x)~B N ~ and the only poles of the 

divisor of a at x lie along oo. We may reduce this pole by replacing a, regarded 
as a "multivalued function" on P", by a(T) - a(T + b) where b E Z". Property 

(5) enables us to do the replacement without losing essential properties of the 

original a. After finitely many such replacements, we produce a' with no pole 

at x, and this a' must be a constant. Then an algebraic argument demonstrates 

that the initial a must have been polynomial. 

In the last paragraph, the crucial requirement on a and x is that the only pole 

of a at x lies along ~ .  This restriction fails for each x on a Q-subvariety of 

codimension 2. If ~ does not satisfy the hypothesis of  Theorem A, as our 

example t~' does not, there might not be a suitable x. 
Our thumbnail sketch of the argument is slightly disingenuous. We shall not 

construct a variety W; instead, roots of  polynomials are characterized as 

complex meromorphic germs rather than algebraic functions. The difficulty is 

that once a suitable W and ot are fixed, the algebraic object a(T + b) for some 

b ~Z"  need not be defined on W. Essentially, to define a(T + b) one must first 

specify a splitting field L off(X;  T) and o f f *  = f(X; T + b), identify a with a 

root of  f i n  L, and chose a prime of L over oo. Instead of shifting varieties, we 

(essentially) fix a smooth open subset U of W, and consider the field K of  

complex meromorphic germs of U n 0-  ' ~ .  For our choice U, K will contain 
the unramified closure for a completion of the function field of  W with respect 
to a choice of prime over ~ .  In addition, Kwill be dosed under ot ~ ,  ot(T + b). 

In the paper, U and K are constructed without reference to varieties. 
The main theorem is stated in Section l; we include elementary reductions 

to the simpler Proposition 1.4. Section 2 is a review of Folner sequences. 
Section 3 offers a formal treatment on lifting homomorphisms or(T) 

ct(Tq-b) to extension fields of Q(T). In Section 4, we prove a higher 

dimensional analogue to the fact that a holomorphic germ about ov E P' which 

vanishes on an infinite set of  integers must be 0. Constructions in Section 5 

yield fields of meromorphic germs which are closed under the algebraic 

homomorphisms of Section 3, and yet are sufficiently geometric that Theorem 

4.2 applies. The proof of the main theorem, in Section 6, falls from machinery 

of the previous three sections. 

I would like to thank T. Tamagawa and S. Kakutani for suggesting this 
problem. I am indebted to H. Furstenberg for his insights into the combinator- 
ics of  the higher dimensional case; Section 2 is based on discussions with him. 

I. N. Bernstein convinced me that Hilbert's classical analysis at the point oo of  
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PI applies to the generic point at P" - A" for n > 1. Finally, I am grateful to all 

of  the mathematicians who have permitted me to introduce this question into 
conversation. 

§0. Notation 

§O.A. Basics 

Let N, Z, Q, R and C denote the sets of  natural, integral, rational, real and 
complex numbers, respectively. For n E N, let 

(0.1) N ( n ) =  { m ~ N ;  m < n } .  

For b E C  and r~ (0 ,  ~) ,  put 

(0.2) B ( b , r ) =  { z E C : l z - b l  < r } .  

By "ring", we mean commutative ring with non-zero identity. For R a ring 

and tl . . . . .  t, a list of  members in a larger ring of  indeterminates, let 
R [ f i , . . . ,  t,] denote the ring generated by R and ti . . . . .  t,; i f R  is a field, let 
R (q, . . . ,  t , )  be the field generated by R [q . . . .  , t, ]. In the case where t~ . . . .  , t, 

are indeterminates, let Oj denote the degree map with respect to tj for each 
j ~ N ( n ) .  

For S and T sets, let 

(0.3) S A T  = (S  - T )  U ( T  - S) .  

If S is a finite set, then denote the cardinality of S by I SI.  The closure of a 
subset S of a topological space is denoted by S. 

§O.B. Projective spaces 

Fix n ~ N. Let P" denote n-dimensional projective space, which we regard 
both as a Z-scheme and as the corresponding complex manifold. In cases of 
possible ambiguity, denote by P" (K) the set of  K-rational points of  P" for a ring 

K. In a topological context, P" always refers to the corresponding complex 
manifold. 

Fix a choice t~ . . . . .  t,+~ of homomogeneous coordinates. For z = 

(z~ . . . .  , z ,+I )EC " + ~ -  {0}, denote the corresponding class in P" by [z] or 
[zl . . . .  , z,+~]. F o r j ~ N ( n  + 1), we refer to the map 

(0.4) ( x , , . . . ,  x , )EC"  ~ [x~ . . . . .  xj_ , ,  1 , x j , . . .  , x , ] ~ P "  
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or its image as the j-th chart. Throughout the paper, we regard the n- 

dimensional affine scheme A" as a subscheme of P" via the n + 1-st chart. 
The subvariety t,+l = 0 is denoted by oo. Finally, we identify C" with 

A"(C) ___ P~(C). 
The term "affine transformation" will refer to either of  two sorts of  map. A 

function Z" --- Z" of the form x ~ L (x) + v where v E Z n and L is an invertible 

group homomorphism is called affine. If L ' : Z " ×  Z ~ Z " ×  Z is a group 

isomorphism such that L'({0}) × Z) _ {0} × Z, then L '  determines an alge- 

braic automorphism of P" which preserves the subscheme A"; such an auto- 
morphism is also called affine. There is a bijection from affine transformations 

of P" to affine transformations of Z" determined by restriction to A"(Z). 

§0.C. Germs 

Let X and Y be topological spaces, and let N c_ X. By a Y-valued function 

element about N, we mean a continuous function f f r o m  a neighborhood of N 

to Y. Two Y-valued function e lementsfand g are considered equivalent if they 

agree on a neighborhood of N. An equivalence class of function elements is 

called a (Y-valued) N-germ. 
We adopt the standard conventions concerning germs of functions, and 

freely identify a germ with any function which represents it. If  X is a complex 
manifold and N c_ X, denote the ring ofholomorphic germs into C by (PN. I f N  
is connected, then fin is a domain, and we define J/ON, the field ofmeromorphic 
N-germs, to be the field of fractions Of 0N. (This notion of meromorphic may be 
more restrictive than that with which the reader is familiar, but is sufficient for 

our needs.) 
Suppose X is a complex manifold, N _ X is a connected non-empty subset 

and 0 : X ~ P" is an open mapping whose image lies in P" minus a hyperplane. 

Then f ~  f o  0 determines an injection from the rational functions on P"(C) 

into ~'U- When the choice of 0 is clear from the context, regard ~/N as an 

extension field of C ( T l , . . . ,  T,). 

§1. Statements and reductions 

Fix n ~N.  Let J(n) be the set of  all subsets of Z". 

DEFINmON 1.1. A (n-dimensional) density is a function J : J ( n ) ~  [0, 1] 

such that 

(1.1.a) VS,  TEJ(n) ,  J(S U T ) < J ( S ) + J ( T ) ,  
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(1.1.b) VS,  T ~ J ( n ) ,  

(1.1.c) V S E J ( n ) ,  V vEZ", 

( l . l .d)  5((0}) = 0. 

(S c T ~ 5 ( S )  <= O(T), 

S(S + v) = ~(S), 

Note that the density of any finite set is 0. 
Let 5 be a density. We say that 5 satisfies the VW (or Van der Waerdon) 

condition if 

for S E J(n) and v~ Z" so 6(S) > 0, there is k ~ N so 
(1.2) 

,ffs n (S + kv)) > O. 

Let W be a proper Q-subvariety of oo c_ P". We say 5 is concentrated on W if 

there exists e > 0 such that for every open neighborhood 
(1.3) 

U of W(C), 5(U N Z") >-_ e. 

We say 5 is Q-diffuse if it is not concentrated on any proper Q-subvariety. 

Existence of Q-diffuse densities satisfying the VW condition is discussed in 

Section 2. 
Fix indeterminates X; T~ . . . .  , T,. We frequently write Tfor T~ , . . . ,  T,. For 

g E Q[T], let 

(1.4) Z(g)  = { b EZ" : g(b ) = 0}. 

By the roots of  f E Q [ X ;  T], we always mean the roots o f f  regarded as a 
polynomial in X over ground field Q(T). In particular, b = ( b l , . . . ,  b , )E Z" is 
said to preserve the Galois group of a separable f E  Z[X; T] if  the substitution 
homomorphism Tj ~ bj extends to the roots of f i n  a manner which identifies 

the Galois permutation groups for f (X;  T) and f (X;  b). For f E  Z[X; T], put 

G( f )  = { b E Z" : b does not preserve the Galois group of f} ,  

(1.5) 
V( f )  = ( b E Z n : Oxf(X; b) < Oxf(X; T) orf(X; b) is reducible}, 

and, i fOx f  > 2, put 

(1.6) I ( f ) = { b ~ Z " : O x f (  X ; b) < a x f (  X ; T) or f(X; b) has an integer root}. 

Our main theorem is 

THEOREM 1.1. Let n E N, let X; 7"1 . . . . .  7", be indeterminates over Q, and 

let f (X;  Tt . . . . .  T,) be an irreducible polynomial in the ring Q[X; T1 , . . . ,  T,] 
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which has positive degree in the variable X. Let ~ be an n-dimensional Q-diffuse 
density which satisfies the VW condition. Then 5(G(f)) = O. 

A few lemmas reduce Theorem 1.1 to a statement which does not involve 

Galois groups. Begin with 

LEMMA 1.2. Let f ~ Q [ X ;  T] be irreducible. Then there is a list of poly- 
nomials g l , . . . ,  gk EZ[T] -- {0} and a list of monic irreducible polynomails 
ht . . . .  , h,, EZ[X; T], each of degree > 1 in X, for which 

{' }{ } (1.7) V ( f ) c  U Z(gj) u 0 I(hi) . 
j = l  i=l  

PROOF. This reduction is already in [7], and has been extended to other 

cases - -  see [3], for example. We outline the proof. 

First, suppose f E  Q[X; T] is an irreducible polynomial of  degree => 2 in X. 

Let al . . . .  , a t  be the roots o f f ,  let K=Q(T)[al , . . . ,ar] ,  and let n be a 

generator of  K over Q(T) which is integral over Z[T]. Let f*  be the monic 

irreducible polynomial of n over Q(T). Express n as a Q(T)-linear sum of 

powers of  a 1, - • •, a~, and, for each j ~ N(r), express aj as a Q(T)-linear sum of 

powers of  n; regarding each member of  Q(T) as a ratio in Z[T], let g be a least 
common multiple for the set of  all denominators of  coefficients appearing in 

these expressions. The reader may easily verify that if b E Z" has the property 
that f*(X; b) is irreducible over Q and g(b)v~ 0, then the corresponding 

substitution homomorphism extends to an identification of  roots such that the 

Galois closures of  f(X; T) and f(X; b) have the same degree over their 

respective ground fields. It follows that G(f)  c_ Z(g) U V(f*). 
Now fix a monic irreducible polynomial f ~  Z[X; T] of degree > 2 in X. Let 

al . . . .  , a ,  be the roots o f f .  For N C_ N(r), let P(N) be the set of  values of  the 

Newton symmetric polynomials in [NI variables on {aj}jeN. Put 

(1.8) P = U {P(N) : N __c N(r)} - Q[T]. 

For N _c N(r) so N ~  {¢, N(r)}, there is at least one member of  P(N) in P. Let 

hi . . . .  , h,, be a list of  all monic irreducible polynomials for elements in P. 

Suppose b~Z"  such that f(X; b) is reducible. Reducibility may be inter- 

preted to mean that there is a prime fl of  the splitting field of f over the ideal 

generated by {Tj - bj};~ in Q[T] and a proper non-empty subset N c_ N(r) 

such that 
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(1.9) lI  (X - aft, I'I ( x  - aj) 
j~.N j~N 

are, modulo fl, polynomials in Q[X]. Moreover, the product of  the factors in 
(1.9) mod(fl) has coefficients in Z, so each factor has integral coefficients. For 

each hs which admits a symmetric combination of {ai}jeN as a root, hs(X; b) 
has an integral root. As b was arbitrary, we deduce that V( f )  _c t.J's=l I(h~). [] 

LEMMA 1.3. Let ~ be an n-dimensional density which satisfies the V W  

condition. Suppose S c_ Z", m E N  and v E Z  ~ - {0} such that 

(1.10) I { k ~ N : x  + k v E S } [  < m  f o r e a c h x ~ S .  

Then ~(S) = O. 

PROOF. Assume ~(S) > 0, and then a simple induction based on the VW 

condition yields a contradiction. [] 

COROLLARY 1.3.1. Let t5 be an n-dimensional density which satisfies V W  
condition. Fix T , . . . , T ,  indeterminates, and let p ( T 1 , . . . , T ~ ) E  

Z[T~, . . . ,  T,] - {0}. Then ~(Z(p))  = 0. 

PROOF. Proof is by induction on the index kEN(n) tO (0} such that 

p ~Z[T1 . . . .  , Tk]. When k = 0, p is a non-zero constant and the claim is 

vacuous. 
Suppose k is given for which $(Z(q))= 0 for each q~Z[T1 . . . . .  T k ] -  

{0} C_ Z [ T , . . . ,  T,], and assume pEZ[T1  . . . .  , Tk+x]-- {0}. Let m and 
q(T~ . . . . .  Tk) be respectively the degree and leading coefficient of  p, regarded 

as a polynomial in Tk +1. Put 

J =  {(b, . . . .  , b , ) ~ Z " :  p ( b l , . . . ,  b , )=O},  

(1.11) J, = { (b l , . . . ,  b , ) E Z " : q ( b , , . . . , b , ) =  0}, 

J 2 =  J -  J1 . 

By assumption, J~ has density 0. Let vbe the k + 1-standard basis vector o f Z  ~. 

For b E Z  ~, there are at most m values in 

(1.12) (b + rv: r ~ N )  N,/2 

because p ( b l , . . . ,  bk, Tk+ 1 , . . . ,  7",) has no more than m roots as a polynomial 

in Tk+ l over Q. Hence 6(J2) = 0, and g(J) < t~(Jl U -]2) ~ t~(Jl) + t~(J2) must 

be 0 .  [] 
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Theorem 1.1 has been reduced to the following proposition, whose proof 

occupies all sections after §2: 

PROPOSITION 1.4. Let f be  a monic irreducible polynomial o f  Z[X; 7"1 . . . . .  T,] 

whose degree in X is > 2, and let 6 be an n-dimensional Q-diffuse density which 

satisfies the V W  condition. Then 6( I ( f ) )  = O. 

§2. Folner sequences 

We give an argument, due to Furstenberg, demonstrating that a density 

derived from a Felner sequence must satisfy the VW condition. A few 

comments concerning the "Q-diffuse" condition are included. 

Throughout this section, n ~ N is fixed. Let ~ be the set of functions from N 

into the space of  non-empty finite subsets of Z". For F E ~  and v~Z" ,  let 

"F  + v" denote the function k ~ F[k] + v. 

There is an equivalence relation on ~' ,  which we denote b y "  .-~ ", such that 

f o rF ,  G E ~ ,  

(2.1) F '~ G ~ lim I F[k]AG[k]l / IF[k][  = O. 
k--oo 

For F E ~r and S C_ Z", define the F- density of  S to be 

(2.2) 6F(S) = lim sup IS O F[k]l / lF[k] l .  
k~oo 

A member F E ~r is called a (n- dimensional) Felner sequence if F ~. F + v for 

each vE Z". 
The following comments are elementary; verification is left to the reader. 

For F a F~lner sequence and O = 6F, 

(2.3.a) 

(2.3.b) 

(2.3.c) 

(2.3.d) 

(2.3.e) 

(2.3.f) 

(2.3.g) 

(2.3.h) 

(2.3.i) 

for S _ Z", O(S) E [0, 11, 
for S _ T _ Z", 6(S) < 6(T), 
for S, T _c Z", 6(S U T) <-_ 6(S) + 6(T), 
if F is a Folner sequence, them limk-~ IF[k] I = or, 

if G ~ ~ and G ~ F,  then G is a Folner sequence and 6 = 6~, 

a subsequence of  a Folner sequence is a Folner sequence, 

i f F i s  a Felner sequence, S __C_ Z" and vEZ",  then 6(S + v) = 6(S), 

if F is a Folner sequence and {Vk}k%l is a sequence in Z", then 

k ~ F[k] + Vk is a Folner sequence, 

i f F i s  a F~lner sequence and L : Z" --- Z" is an additive automorphism, 

then L o F is a Folner sequence, 
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(2.3.j) 5F(Z") = 1 and 5((0}) = 0. 

The combinatorics of  Folner sequences can be placed in the context of  
ergodic theory. Regard the set of functions Z" --- [0, 1 ] as a product of  a family 

of copies of [0, 1] indexed by Z"; let X denote this set with the product 

topology. For vEZ", let Tv denote the continuous function X ~ X  such that 

(2.4) (Tvf)(x) = f ix  + v) f o r f ~ X a n d  x ~Z" .  

Clearly Tvo Tw--Tv+w for v, wEZ". For Y another topological space, let 
C(X, Y) denote the set of  continuous functions X ~ Y. 

Let ~ denote the set of  probability measures on 8 ,  the Borel ring of X. Then 

~' is compact with respect to the topology induced by the family of  functions 

(2.5) [(/t ~ SfdB): fEC(X,  [0, 1])), 

which is called the weak topology. For T: X ~ X a continuous function and 

/t E ~ ,  define T*/t ~ ~ by (T*/t)(A) = / t ( T -  ~(A)) for A ~/~ .  Tautologically, 

/t ~ T*/t is continuous on ~'. For 0 E X, let/to E ~ be the unique measure 

such that S fd/to =riO) for fEC(X,  R). If fEC(X,  R), 0 E X a n d  vEZ", 

f fd(7~/to) = f(T~(O)). (2.6) 

Let n0 : X ~ [0, 1] be the function n0(0) --- 0(0). 
We are ready to prove 

THEORE~i 2.1 (Furstenberg). A Folner density satisfies the VW condition. 

PROOF. Fix F a Folner sequence, S C Z" such that 5v(S) > 0, and b E Z". 

Define 0 : Z" --* [0, 1 ] by 

(2.7) 0(x) = {~ ifx~S,ifx q~S. 

Let Fo be a subsequence of F such that 

(2.8) lim IS N Fo[k]l/lFo[k]l = 5po(S). 
k~oo 

By the diagonal argument, there is a subsequence F~ o f F  o such that for m ~ N  

and v~ . . . . .  Vm EZ",  there is a value c(v~ . . . . .  Vm)~[0, 1] such that 

(2.9) l imlF~[k]l  -~ ~ (O(x+v~)'"O(X+Vm))=c(v~ . . . .  ,Vm). 
k--m x~Ft[k] 
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Since ~' is compact, there is a subsequence F2 of F~ and a measure v E 
such that 

(2.10) IF2[kll- '  2 T*lzo~v. 
xEFI[k] 

Let vE Z". Continuity implies 

T~vY ~--- k~oolim T~ (IF2[k] l- l . Y, Tx*l~o) 
x~F2[kl 

(2.11) = l i m  IF2[kll -I • T~+~/to 
k - - ~  xEF2[kl 

-- lim IF2[k] + vl -~ Y~ Tx*lto. 
k ~oo xEF2[kl + v 

F o r f ~  C(X, [0, 11), put 

(2.12) D =  f f - f f d( v) 

and then 

(2.13) D -- lim 
k- -  ~ xEF2[k] x~F2[k] + v 

= ,D  =< lim inf~ lF2[k] l - '  Y, If(TxO)l}, 
k--oo [ xEF2ik]A(F2[kl+v ) 

=*D _< lim infl_,,k,A,_,,k,F.,rl(F~rl + v) I 
k-~ I F2[k]l 

- 0 .  

Thus, T~v = v. 

Unwinding definitions yield that for m E N and vl . . . .  , Vm E Z", 

f (no ° Tv,)'" "(no o Tv,)dv = c(v, , . . . ,  v,,). (2.14) 
, J  

Then rt0~ C(X, [0, 11) and ~ rtodv = c(0) = JF(S) > 0. Let T = T b. By the Poin- 
car6 Recurrence Theorem, there is d E N  such that ~ no.(noO Td)dv > 0 .  As 
T d = Tab, we conclude 

(2.15) lim I F2[k]l- '  • Y, O(x). O(x +db) = c(0, d b ) >  0, 
k ~ ~ x EF2[k] 
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where 

(2.16) I F2[k]l -~ • ~ O(x).O(x + d b ) =  IS n s - db) n F2[k]l/lF2[k]l, 
x~F2[k] 

for each k ~ N. Consequently 6F(S M (S - db) )>  0. 

Let W be a subset of oo _c p,  (R). Put 

L(W) = {(z, . . . . .  z , )~R"  : [zl . . . . .  z., 0 ]~  W). (2.17) 

[] 

(2.18) F :  k w-> {vUZ" : vErk. U} 

is a Folner sequence whose denisty is Q-diffuse. 
i 

PRooF. We sketch the argument. The details are exercises in elementary 
measure theory. Let I = [0, 1)", and normalize v so v(I) = 1. Then for D a 

measureable subset of  R", 

(2.19) I{wEZ": w + I A D  ~ } l  >v(D) 

where the cardinality on the left is the volume of U {w + I :  w E E }  where 

E = { w E Z " :  w + I MD v~ ~ } .  
First, let t E(0, 1). There is a compact subset C of Int(U) such that 

v ( C ) > ( 1 - e ) v ( U ) ,  and an open neighborhood V of  U such that v ( V ) <  

( I + e)v (U). Let p be the smaller of  the distances from C to the complement of 

Int(U) and from U to the complement of  V. 

Let v~Z",  and suppose r > (  II v II + For wEZ" .  

PROPOSITION 2.2. Suppose U is a bounded subset of  R" whose closure and 
interior have the same positive volume. Let {rk}~-i be a sequence of positive 
numbers that converges to ~ .  Then (provided that none of its members is 
empty), the sequence 

For 0 E(0, 2n), let L(W,  O) be the set of  non-zero vectors in R" which make an 
angle of  < 0 with some member of L. Let 6 be an n-dimensional density. The 

reader should convince himself that g is Q-diffuse if and only if for every 

proper Q-subvariety V of oo and every e > 0, there is 0E(0,  2n) such that 

6(L(V(R), 0 ) ) < e .  The latter geometric criterion can often be verified by 

computational methods. 

Let v be a Haar measure - -  that is, a volume - -  on R". A simple example of a 

Folner sequence which produces a Q-diffuse density is given by 
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wErU=* w + I C_rV, 

(2.20) w + I O rC 4: ~ =* w, w + v~ rU, 

w + I n rU v~ ~ =* wErV.  

From (2.19) and (2.20), we conclude that for k >> 0 

1 - e  IZ"nrkUn(rkU-w)l l + e  
(2.21) - -  < < 

l + e  IZ" nrkUI 1 - e  

It follows tediously that F is a Folner sequence. 

Next, suppose that W0 _ oo is a proper Q-subvariety, and put W = W0(R). 

Again, we leave it to the reader to convince him or herself that for 0 

(0, 2rt), ~F(L(W, 0))= v(U n L(W,  O))/v(U). (This can be verified by 

approximating the intersection within by compact subsets and outside by 
open subsets, as in the previous paragraph.) Now L(W) has volume 0, and 

L (W) n U = n {L ( W, 1/n) n U: n E N) is a limit of  a decreasing sequence of 

measurable sets of  finite measure. Consequently, for every e > 0 there is n ~ N 

for which v(L(W, 1/n) n U) < e. [] 

REMARK 2.1. For a density of the type constructed in Proposition 2.2, 
Cohen's estimates [ 1] yield stronger results than those under consideration. 

However, Q-diffuse densities can be more exotic. For P ~ ~(R), the example in 
the Introduction can be modified to produce a Folner density which vanishes 
on S _ Z" unless P E S; i fP  is not algebraic over Q, such a density is Q-diffuse. 

§3. The algebra of translation 

For f ~ Q ( T ] , . . . ,  T,) and b ~Z" ,  the element f (T  + b ) -  f(T) has a pole 
along oo of order less than that of  f.  Our present work relies on extending 

f~--> f (T  + b) to the algebraic functions. As the higher dimensional case is 

messier than the 1-dimensional argument used in [7], a formal treatment is 

given here. 
For P a polynomial over a ring R and a : R ---- S a ring homomorphism, let Po 

denote the polynomial over S derived by replacing each coefficient of  P by its 
image under a. For k a field, let k* = k - {0}; also denote the ring of formal 
power series in a variable T over k, and its field of  fractions, by kiT]] and 

k ( (k) ), respectively. 
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THEOREM 3.1. Let K be a field of  characteristic 0 and let Ka/K be an 

algebraic closure. Let 11 be a non-Archimedian valuation o f  K a whose restric- 

tion to K is discrete and complete. Let R and 2 be respectively the valuation 

ring of  and the prime ideal o f  [[ restricted to K. We require that char(R / 2 )  = 0. 

Let rt be a generator o f  2 and let ~ : R ~ R be a ring automorphism such that 

Ix - a(x) l  < Ix [ i f x  = n or x is a unit o fR .  

(A) Suppose L / K  is a subextension o f  K ~. Then there is a unique ring 

homomorphism z : L ---, K ~ such that 

(3.1) fir  = a  and I x - r ( x ) l  < Ix{ f o r a l l x E L * .  

(B) Let ~ be the unique ring homomorphism which satisfies (3.1)for  L = K ~. 

Define a function 

(3.2) A(x) = x - z(x)  for x ~ K  a. 

Then for x E g a and e > 0, there is m ~ N such that I A" (x) I < e. 

PROOF. Let R,  K, a, 2 ,  [1 and K a be as hypothesized. Fix K ~ a complet ion 

o f K  a with respect to II, and denote the norm o f K  ~ by II as well. Let R c and 2 ~ 

be the ring of  I[ on K ~ and its unique maximal ideal, respectively. 

Let Sub be the set o f  subextensions of  K~/K. For L ESub ,  let H m ( L )  be 

the set of  field homomorph i sms  a:L---,  K ~ for which a ( R ) =  R.  We say 

a ~ H m ( L )  has the , -proper ty  if I x -  a(x) l  < Ixl for each x E L .  Let L u 

denote the unramified closure o f  L in K c, and let L ° be the closure o f  L a in 

the II topology. Also let 

(3.3) R L = R  ~ N L  and 2 L = 2  ~ A L .  

We say L is discrete if  the restriction o f  II to L is discrete. 
Put  k = R C / 2  c, and fix ¢p : R c ---k the canonical projection. For  L E Sub, let 

k L = ~0(RL). 

Suppose L E S u b  and a E H m ( L ) .  Then 1[ o a = II on  K;  consequently,  if  

L / K  is finite or if  a has the , -property,  then II ° a = II on L.  I f  a has the 

, -property and L is discrete, it is clear that 

(3.4.a) 
the continuous extension of  a to the topological closure of  L 

must  also have the , -property,  

(3.4.b) ~o o a = ~0 on R L. 
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Put 

(3.5) 

If x, y EM(a) ,  

M ( a ) =  { x ~ L * : l x -  a(x) l < I xl}.  

I xy  - a(xy)[ = I xy  - x a ( y )  + x a ( y )  - a(x)a(y) l  

(3.6) ==* Ixy - a(xY)l ~ max{Ixl  l y - a ( y ) l , l x - c r ( x ) l  lYl}, 

xy E M(a), 
and 

Ix -1 - a ( x - b l  = lx1-1, la(x)l -~. l a ( x ) - x  I < Ixl -t,  

(3.7) ~ x _ l ~ M ( a ) "  

Clearly 1 E M ( a ) .  Thus M(a)  is a multiplicative subgroup of L*. When L is 
discrete, a has the .-property if the units o fR L and a generator 9 °L lie in M(a).  

Let L ~ Sub so L / K  is finite. By a system of  ramified roots for L, we mean a 
function 09 : N---K c such that 

(3.8.a) V m, n EN,  co(mn)" = co(n), 

(3.8.b) co(l) is a generator of  ~ z  in R L. 

In the context of  a fixed system of ramified roots, denote co (1) by ~. Also, for 
r E Q ,  let zt' be the unique value in K c such that 

(3.9) V p ~ Z ,  V q E N ,  (r=p/q==}n'=(co(q)P) .  

Let T be a formal variable. The theory of discrete valuation rings of residue 
class field characteristic 0 assures existence of a field isomorphism 
O: k ( ( T ) )  ~ L  ° such that 

(3.10.a) O(kl[T]) = R L°, 

(3.10.b) O(T) = n. 

Consequently, the algebraic closure of L ° is U , ~ t  L°[xV"]. 

Step I. Uniqueness and Claim (B) 

Let a, z E H m ( K  a) so air = zIR and a and z have the ,-property. We claim 
a = r. Now a and z extend continuously to endomorphisms of  K c, and we 
denote the continuations by a and z, respectively. 

Let a be a unit o fR  r '  and let q(T)  be the monic minimal polynomial for a. 

Let L be a splitting field of q(T)  over K. Then q* is irreducible and separable 
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over k K. Now (q~)~ = q~ splits in k L , and so q~ also splits in L.  As a(a) and T(a) 

are roots of  q" = q* in L whose images m o d ( ~  L) agree, we deduce a(a) = r(a). 

Consequently a and ~ agree on K °. 

Fix a system of ramified roots for K. Let T be an indeterminate. For n E N, 

there is a unique dn(T)E k ~ T] such that 

(3.11.a) d,(T)" = 1 + T, 

(3.11.b) d,(0) -- 1. 

Let K ~ = U , ~  K°[na/"], and then K ~ is algebraically closed. 

Let n EN.  Now K a n K°[n TM ] is dense in K°[n~/"]. Thus a and z still satisfy 

the ,-property on K°[n~/"]. We have established that trt~ = fix0. From (3.10) 

and uniqueness of  the solution to (3.11), we conclude 

(3.12) a ( n " )  = n • d . ( { a ( n )  - n } / n )  = r ( n " ) .  

As (3.12) is true for every n, a and z agree on K ~, where K a C_ K% 

Define A on x ~ K  ~ by A(x)= x - a ( x ) .  Fix n ~ N  and put K ' =  K°[~t TM] 
where x ~K ' .  Now (3.12) implies that A(K')___ K'. Hence, there is r E (0, 1), 

dependent on n, so that I A(x)I _--< r .  Ix I for each x ~K ' .  Claim (B) follows. 

Step II. Existence 

Let L ESub so L / K  is finite, and let a ~ H m ( L )  have the ,-property. We 

claim that a admits an extension to K a with the ,-property. Fix a system of  

unramified roots for L. Uniqueness of unramified closure implies that there is 

an extension a u of a to L u such that ~ o a u = ~. Then M ( a  ~) contains the units 

of R L" and a generator of that ~L., so tr ~ satisfies the ,-property. Let a0 denote 

the continuous extension of a u to L °, and let d, (T)  be the power series 

described in (3.11 .a,b). The defining property of {d,(T)}~=~ insures that 

(3.13) V m ,  n E N ,  d.m(T) m = d~(T). 

Let L ° ~ = U , ~ I  L°[zP/"]. The characterization of L ~ given by (3.10.a,b) 

implies existence ofa  homomorphism a '  : L ~ --, L ~ which agrees with aon  R L° 

and such that a '(n 1/') = n ~/". d , ({a(n)  - n}/n) for each n EN.  Now a '  factors 

to a ring endomorphism of  kt-~; as every class in this quotient is represented by 

an element in L °, the factored map is the identity. Consequently, M(a' )  

contains the units of R L~ and it 1/" for each n EN.  The homomorphism a '  

extends a and satisfies the ,-property on a domain which includes the algebraic 

closure of K. [] 
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DEFINITION 3.1. Let K be a field, let L / K  be an algebraic extension field, 

and let II be a non-Archimedian valuation on L. A field homomorphism 

a : K --- L is called a shift if the two properties of Theorem 3.1 hold, that is, 

(3.14.a) V x E K ,  I x -  a(x)l < Ixl ,  

forA the function x w-> x - a(x), x E K a n d  e > 0, 
(3.14.b) 

there is m E N  such that LAm(x)I < e. 

Observe that the condition that tr be a shift depends only on the prime 

associated to II • 

DEFINITION 3.2. Let k be a field, let n EN,  and let T = T~ . . . .  , T, be 

indeterminates. Identify k(T)  with the field of  meromorphic algebraic func- 

tions on P'(k),  and let oo denote the prime of this field associated to the 

oo-subvariety. We leave it to the reader that for vE k ' ,  the homomorphism 

(3.15) p(T)  ~ p (T  + v) 

is a shift on k(T)  with respect to oo. Denote this shift, as well as any shift 

extending it to a subfield of an algebraic extension of  a completion at o% by sh~. 

THEOREM 3.2. Let k be a field o f  characteristic O, let n E N ,  and let 

T = Tl . . . . .  T, be indeterminates. Let L be an extension field o fk (T)  and let II 
be a non-Archimedian valuation on L.  Assume 

(3.16.a) the restriction o f  II to K corresponds to the prime oo, 

(3.16.b) L is an algebraic closure o f  a completion o f  k( T) in II • 

Let el . . . .  , e, denote the standard k-basis for k". For c E k and r E N(n), let shc,r 

denote the shift on L with respect to c .e,, and also define Ac;r(X) = x - ac;r(X) on 

x E L .  For r EN(n),  let Kr denote the algebraic closure ofk({Tj} j~ , )  in L,  and 

let K denote the algebraic closure of  k(T)  in L.  Let k a denote the algebraic 

closure o f  k in L.  

(A) For c Ek* and r EN(n),  ker(A~;r) M K = K r. 

(B) Let x E K. There is m E N and a sequence Cl . . . .  , Cm E k* such that 

(3.17) {At.;, . . . .  o A~,;,}(x) = 0 

i f  and only i f  x EK,[T,]. 

(C) CI",=, K,[Trl = ka[T]. 

PROOF. (A) Clearly, for vEk"  C_ (ka) ,, the v-shift on ka[T] defined with 
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respect to choice of  ground field k a is also a v-shift as defined with respect to k. 

Without  loss of  generality, assume r = 1. Fix c ~ k*. Put  a = shc;~ and A = Ac;~. 

Let 

(3.18) N = ker(A[r) = (x E K : tr(x) = x }.  

Clearly N is a field. 

The assumptions c ~ 0 and char(k) -- 0 render many combinatorial  steps 

trivial. It is easily established that N ~ k [ T ~ , . . . ,  T,] = kiT2 . . . .  , T,]. Also, i f  

p is an irreducible polynomial in k [ T l , . . . ,  Tn] such that  a lp  > 0 ,  then 

{trJ(p)}p=o is an indexed family o f  pairwise coprime irreducibles. From this 

observation, it is simple to show 

(3.19) N N k(T~ . . . .  , Tn) = k(T2 . . . . .  T,). 

I f  P(X)  is the monic minimal  polynomial  for a E K  over k(T), then a(a) 
satisfies the irreducible polynomial  P~. Consequently, A(a) -- 0 only i f  a ~ Ks. 

We have N _c K]. 

To prove that N --- K~, it suffices to show A vanishes on a E K which are 

integral over k [ T 2 , . . . ,  T~]. Proof  is by contradiction. Suppose a is integral 

over k[T~ . . . .  , T,] and A(a) ~ 0. There is m ~ N  so IAm(a)l _-< 1. Since a 

preserves kiT2 . . . . .  T,], A maps the integral closure o f  kiT2 . . . . .  T,] to itself. 

Let P be the monic minimal  polynomial  of  A m (a). Each coefficient of  P lies in 

k[T2 . . . . .  T,] and in the valuation ring of  II • But then P has coefficients in k, 

(3.20) A m (c 0 E k a = *  A m + 2(0/) = 0. 

Replacing a by Ak(~) for a suitable k, we may assume that  A ( a ) ~  0 and 

AS(a) = 0. Let y = A(~). Then y E N  and a(~) = a - y.  Since char(k) = 0, 

{trk(a) : k E N }  is an infinite set. But tr permutes the conjugates of  a over N, 

which is a finite set. We have reached an impossibility. 

(B) Let r E N(n) and c ~ k*, and put A = Ac;r. From (A), it is simple to show 

that A restricts to a surjection Kr [ Tr ] ---" Kr [ T,]. I f  x ~ K so A(X) ~ K, [ T, ], then 

for y EK,.[T,.] such that  A(x) = A(y), 

(3.21) x - y ~ ker(A) = Kr ~ x  EK,.[T,.]. 

This technicality implies (B). 

(C) Proof  is by a double induction. I f  n = 1, then K = k a and the claim is 

tautological. Assume n E N is chosen so that the result is true when the number  

of  indeterminates is less than n. F o r j  E N(n), let Oj be the degree map on Kj[Tj]. 
n Let o~("~j= 1 gj[Tj], and let m = a,a. I f m  = 0, we are done by induction. 
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Without loss of generality, we may assume m >_- 1 and the result is true for 

fl ~ N j ~  Kj[Tj] such that a,,8 < m. Express 

m 

(3.22) a =  ~, arT~ 
r - - 0  

where ar E K, for each r. If an ~ k a [ TI . . . . .  Tn- j], then applying the inductive 
hypothesis to a - am T m finishes the argument. 

There is a unique algebraic derivation D of K such that 

D(k) = (0), 

(3.23) D(Tj) = 0 f o r j ~ N ( n  - 1), 

D(T.)  = 1. 

General nonsense states that D maps Kj into Kj for j E N(n - 1)  and that 

D(K,) = (0}. Consequently, D maps Kj[Tj] into itself for each j E N ( n ) .  In 
n 

particular, Da C_ n j = l  Kj[Tj]. But now 

ra 

(3.24) D a =  ~ rar Tr-1,  
r = l  

and so O,(DoO < m. Thus DotE ka[Xl . . . . .  Xn] and an E ka[Xl . . . . .  Xn_ l]. We 
are done. [] 

§ 4 .  P o i n t s  o f  c o n c e n t r a t i o n  

If a holomorphic germ f about the point ~ in pl vanishes on an infinite 

number of  integers, then f =  0. In this section, the principle is extended to 

germs on P". Fix n E N  and a choice of  homogeneous coordinates tl, • • •, t.+l 
on pn. 

The domain of  a function f i s  denoted by dom(f ) .  Suppose S c Z" c_ p". 

Define l(S) = S - S = S n oo. Now S = S u l(S), S is a discrete subset and 

is compact. Hence, if  U is a neighborhood of  I(S), then S - U is finite. 

DEFINITION 4.1. Let 5 be an n-dimensional density, let x E P" and let 

S c_ Z". Obviously, the following conditions on x are equivalent: 

(4.1.a) for U is a neighborhood of  x, 5(S n U) > O, 

for U is a neighborhood of  x, there is M __. S such that 
(4.1.b) 

M ___ U and 8(M) > O. 
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If(4.1.a,b) hold, we say that x is a point of  concentration for S in 5. The points 

of  concentration for S lie in l(S). 

LEMMA 4.1. Let 5 be an n-dimensional density and let S c Z". Suppose 

~(s) > o. 

(A) There is a point o f  concentration for S. 

(B) I f  t~ is Q-diffuse and W is a proper subvariety o f  oo, then there is a point o f  

concentration for S which is not on W(C). 

PROOF. (A) If no point of  concentration for S exists, then there is a cover of 

l(S) by open sets Usuch that 5(S n U) = 0. But l(S) is compact, and thus there 

would be a finite subcover, in which case 5(S) = 0. 
(B) Simply replace Shy  S - Uwhere Uis  a neighborhood of W(C) such that 

5(Z" n U) < 5(S)/2, and invoke (A). [] 

The main result of  this section is 

TheOREM 4.2. Let U be an open subset o f  P"(C) such that U n ~ is 

connected. Let 5 be an n-dimensional density which satisfies the VW condition. 

Suppose S c_ Z" such that S - S c_ U and 5(S) > O. 

Let a be a holomorphic ( oo o U)-germ into C. Suppose there is a representa- 

tive f o f  a such that f(s) = O for each s E S  n dora(f) .  Then a = O. 

PROOF. Assume the stated hypothesis. Note that if there is a representative 

f of  a which vanishes on S N dora(f) ,  then for any representative g of a, g 
vanishes on S n dom(g) minus a finite set; hereafter, we ignore these finite 

sets. 
Affine coordinate changes preserve Z" and change densities to densities. 

Without loss of  generality, we may apply affine transformations. 
Let x = [x~ . . . .  ,x ,+l]  be a point of  concentration for S. After suitable 

change of  coordinates, we may assume that x~ v~ 0. L e t f  represent a. It suffices 

to prove t h a t f  vanishes on a neighborhood ofx.  Our proof is by contradiction; 
assume that the x-germ o f f  is not 0. Let V be the 1st chart of  P"(C), and let Xj 

be the coordinate function tj + 1/fi on V. Let uj = Xj(x) for j  ~ N(n). Continuity 

assures that f (x )  = O. 
There is a neighborhood U0 of x such that U0 - d o m ( f )  and there is an 

expansion of f i n  terms of the 1 st chart coordinates 

(4.2) f ( x ,  . . . .  , x , )  = f (x, - u l ,  . . . , x ,  - u , ) ,  
k - I  
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wherefk(T~ . . . . .  T,) is a homogeneous polynomial of  degree k over C for each 

k E N, and the sum converges absolutely and uniformly on U0. By assumption, 

fk ~ 0 for at least one index k. Suppose d E N  so (I",) d divides fk(T~ . . . .  ,7",) 

for every index k. In this case, f / ( X ,  - u,)  d is a holomorphic function on U 

whose germ is non-zero but which still satisfies the hypothesis of  Theorem 4.1. 

Without loss of generality, assume there is at least one index k for which 

T. ~" A- 
For c E Z, let ac be the affine transformation 

(4.3) [tl . . . . .  t,+l] ~ [tl, t2, t3q-cl2 . . . .  , tn q-ct2, t,+l]. 

Obviously trc preserves the 1st chart and 

(4.4.a) Vc,  d ~ Z ,  GcO(rd=ac+d, 

(4.4.b) 60 is the identity morphism. 

Let c E Z .  Put vj = Xj(a_¢(x))  fo r j  ~N(n) ,  and t h e n f o  a~ is given by a power 

series 

(4.5) ~ gk(Xl -- V l , . . . ,  X ,  -- v,), 

where 

(4.6) gk(Tl . . . . .  T , ) =  fk(TI, Tz + c T I , . .  . ,  T ,_I  + cTI, T , )  for k ~ N .  

We are free to replace a with the germ o f f °  ere for any of the infinitely many 
c G Z. Hence, there is a suitable change of coordinates which reduces us to the 

case where there is k ~ N  such that the (TO k coefficient in fk is a non-zero 

complex number. 
Let t denote the 1st chart map. By the Analytic Weierstrass Preparation 

Theorem, there exists U~ open in C "-~ and r~ (0 ,  oo) so that, forB = B(ul,  r), 

U2 = t(B × U~) c_ Uo is a neighborhood o f x  and, and terms of the coordinates, 

frestr icted to U2 satisfies 

f ( X l , .  . . ,  X , )  
(4.7) 

( t , x . ) .  k + . . . . .  x . ) ( x , -  u,)J , 
j~0  

where flj is homomorphic on UI for each j E N(k - 1) U (0}, and/ / is  holomor- 

phic and non-vanishing on Uz. Let M = S r3 U2. If d E M  has coordinates 
(d~ . . . .  , d , )  with respect to the standard basis of  Z", then 
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(4.8) 

k j 
-u , )  

0 =  - u l  + 2 - u ~  
jffi0 

i fn  > 1, 

i fn  = 1. 

If n = 1, there are at most k points for which (4.8) is true. If n > 1, then for 

d~; d3 . . . . .  d, ~ Z, there are at most k values dE ~ Z for which (d~ . . . . .  dn) ~ M. 

But choice of x implies that M has positive density. A contradiction of Lemma 

1.3 has been reached. [] 

§5. Spaces with ramification constraint 

We wish to combine the algebra of §3 with the geometry of §4. To do so, 

roots of  polynomials in several variables must be embedded inside a field 

which is closed under "shifts" and whose members are functions. Unfortuna- 

tely, shift operations preserve few finite extensions of the ground field. We 

shall produce a suitable field of  germs, which corresponds to an infinite 

extension field, in which algebraic shifts have geometric meaning. 

The objects of  central interest are functions between complex varieties 

f :  U - -  F which are locally invertible outside a prescribed set I _ U. We refer 

to such a specified set I as a "ramification constraint". Much of  the nuances of 
non-smooth varieties are avoided by working in the language of covering 

spaces. Ultimately, we get results for a subset I of  a complex manifold U when 
there is a function a:  U-- 'C  such that I = a - l (0}  and the Jacobian of a is 

non-vanishing on I. The structure theory developed here merely rephrases 

existing theory to emphasize the shift operations of §3. 
For X a topological space and x E X, let hi(X, x) be the fundamental group 

of X based at x. I n  most cases X will be pathwise connected, and we omit 

reference to x without ambiguity. If f :  X --- Y is a continuous function between 
topological spaces and x EX,  denote the induced map n~(X, x)--, n~(Y, f(x)) 
by f , .  

DEFINITION 5.1. Let U be a locally compact Hausdorff space. By a ramifi- 

cation constraint for U, we mean a non-empty connected closed subset I _c U 

such that for each x ~ I  and each neighborhood V of x in U, there is a 

neighborhood W of x in U such that 

(5.1) W _ V and W - I is pathwise connected. 
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We refer to a pair (U, I) of  a topological space with a choice of  (ramification) 

constraint as a space with constraint. Often we identify U with the pair, and 

denote I by oo or ~ v. 

For (U, I) and (V, J)  spaces with constraint, a continuous function f :  U --- V 

is said to be almost l.h. (almost locally homeomorphic) if 

(5.2.a) f is locally homeomorphic at each x ~ U - I, 

(5.2.b) f (U  - I) c_ V - J and f ( I )  c_ J, 

(5.2.c) f is proper and open. 

For m EN,  we s a y f i s  an almost m-fold cover if [f-I{v} [ = m for vE V - J .  

LEMMA 5.1. Let X, Y and Z be locally compact Hausdorff spaces, let D c_ Z 

be a dense subset and let f :  X--* Z and z : Y---, Z be proper open maps. 

(A) Suppose m E N so I f - t{u}l  _-< m for each u ~ D. Then If-~{z}l < m for 
each z E Z. 

(B) Let F: f - t D  --, Y be a continuous function. Suppose 

(5.3.a) l o F = f ,  

(5.3. b) z - i { z } is a discrete subset of  Y for z ~ Z, 

for V open in X and x ~ V, 
(5.3.c) 

there is an open set W c_ V so x E Wand  W n f -~D is connected. 

Then F has a unique continuous extension to F' : X ~ Y, and z o F' = f .  

PROOF. We sketch the argument. 

(A) Let z E Z and let x~ . . . . .  x,  be a list of  distinct points in f - t ( z } .  Let 

V1 . . . .  , V, be a list of  pairwise mutually disjoint open subsets of  X such that 

x jE  V s for each j E N ( n ) .  As S i s  an open map, U = n;_, f(VI-) is an open 

neighborhood of  z. There is u E D n  U, and then If-I{u}l _>--n. Con- 

sequently, m > n. 

(B) Let 

(5.4) F = {(x, f (x) )  : x E d o m ( f ) } ,  

and let F' be the closure o f F  in X × Y. IfA ___ Xis  compact, then F(A n D) is 

contained in the compact set t - If(A). Point set topology states that if for each 

x E X  there is no more than one y ~ Y so (x, y ) ~ F ' ,  then F' is the graph of  a 
continuous extension of  F. All other claims follow easily. 
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Suppose x ~ X .  Index /--I{f(x)} as y , . . . ,  y, where n = I i - t { f (x )} l .  Let 

V~, . . . ,  V, be a list of  pairwise mutually disjoint open subsets such that yj E Vj 
for j  ~ N(n). Since i is proper and Z is locally compact and Hausdorff, there is a 

neighborhood Uoff (x)  such that l-~U _ U;=~ Vj. Let Wbe a neighborhood of 

x such that W ¢q f -  ~D is connected and W ___ f -  ~ U. Then F(W)  is connected, 

and there is an index k E N(n) so F(W)C_ Vk. Clearly if y E Y so (x, y ) E  F', 

then y must be Yk- [] 

THEOREM 5.2. Let n E N .  L e t  2 : C" ~ C" be the polynomial function whose 
j-th coordinate is the j-th Newton symmetric polynomial. Let 

(5.5) 
I = { z  E C "  : 

J = )t (I). 

3 j ,  k U N(n ) so j 4= k and zj = Zk }, 

Then (C", I) and (C", J) are spaces with constraints and 2 : (C", I) ---" (C", J) is 
an almost n-fold cover. Moreover, the Jacobian of  2 is invertible at each 

x ~ C "  - I. 

PROOF. Standard theory includes the relevant properties. [] 

DEFINITION 5.2. Let (U, I) be a space with constraint. Assume U is 

connected. A neatly holomorphic structure for (U, I)  is a complex manifold 

structure 6e on U such that there is a function a : U --- C for which 

(5.6.a) a is holomorphic with respect to 6e, 

(5.6.b) I = a-~(O}, 

(5.6.c) the rank of  the Jacobian of  a is 1 at each point in 1, 

(5.6.d) a . :  n~(U - I)  ---- nl(C - {0}) is a group isomorphism. 

Such a map tr is referred to as "axial". 
If Uis a neatly holomorphic space, Mi s  a complex manifold and f :  U --- Mis  

a function, we sayf is  neat i f f is  holomorphic and the Jacobian o f f  is invertible 

at each z E U - ~ v. 

For our next comments, fix U a neatly holomorphic space with constraint, 

and fix a an axial function of  U. 

DEFINITION 5.3. Let ~ = ~ v .  The ring 6® is a domain and the set #D of 

germs in ~ ,  which vanish on oo form a principal prime ideal generated by ~r. 
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The localization of (9oo at ~ is a discrete valuation ring. For the rest of  this 

paper, "oo-valuation" refers to any choice of  valuation for this particular ring. 

There is a unique subring JV' = Jl/'o~ ___ Jtt~ with the property that if~, E ¢oo is 

axial, then A/~ = (917-1]. A germ a E J/¢~ is said to have axial denominator if 

and only if x E X .  The intersection of  A/" with the ring of the oo-valuation is 

exactly Co~. 

Let x E oov. There is a local holomorphic coordinate system X1 . . . .  , AT, 

where X, = a. Therefore there is a basis of  neighborhoods at x which, in 

appropriate coordinates, are products of  open balls and in which I corresponds 

to the hyperspace AT, = 0. Consequently, there is a basis of open neighbor- 

hoods W of x such that (W, ~ v  N W) is a neat holomorphic space with 

constraint. We may apply the theory of  several complex variables within such 

charts. Consequently, if 0: U----M is a continuous function into a complex 

manifold which is holomorphic on U - ~ v ,  then 0 is holomorphic on all of  U. 

In particular, given the structure of  an n-dimensional complex manifold on 

U - oo v for some n E N, there is at most one extension to a neatly holomorphic 

structure on U. 

The axioms assure existence of  a non-canonical isomorphism zq(U - oo v) ~ 

Z. Let V be a neatly holomorphic space with constraint and let 0 : V---- U be a 

neat almost m-cover. General nonsense implies that O,(n~(V-  OOv)) is the 

unique subgroup of Zrl(U- ~ u )  of  index m. 

Let V~ and V 2 be neatly holomorphic spaces with constraint. F o r j  E { 1, 2}, 

let mj EN,  let 0j : Vj ~ Ube  a neat almost re;cover, let ~ j  denote OOvj, and let 

vj E ~ - ooj. Assume m21 m~ and 01(v~) = 02(v2). Covering space theory and 

Lemma 5.1 assure existence of  a unique holomorphic function F :  VI ~ V2 so 
02 o F = 01 and F(vO = v2. If mt = mz, then F is biholomorphic. 

Next, fix m E N. Let 

(5.7) V = [(u, r )E  U × C : a(u) = r m } .  

Assign to V the subset topology from U × C. It is simple to demonstrate 

existence and uniqueness of  a complex manifold structure on V such that 

nv and nc are neat and Ztc is axial for the choice OOv = V A (U × {0}). 

Moreover, nv is a neat almost m-cover. The m-th roots of  unity act on V 

by ~. (u, r) -- (u, ~r). 
We have outlined several existence, uniqueness and lifting theorems. The 

following applications are simple consequences, and their proofs are left to the 

reader: 
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DEFINITION 5.4. Let Ube  a neatly holomorphic space with constraint. By 

a (geometric) shift on U, we mean a holomorphic oo o-germ a into U such that  

(5.8.a) a determines the identi ty map on ~ u, 

for x E ~ v, Tx the complex tangent space at x,  and W the 

(5.8.b) subspace tangent to ,~ v, the factoring of  the differential of  a 

at x to an endomorphism of  Tx/Wis  the identity function. 

I f  a is axial and f represen t s  a germ a which satisfies (5.8.a), then (5.8.b) is 

equivalent to requiring that the differential o f  a -  (a o f )  vanish on oou. 

Alternatively, i f  fl E Jg  = dC~v is non-zero then I fl - fl o a I < I fl [ for 11 any 

~-va lua t ion  of  Jg;  that is, a ,  : fl ~ f o a is a shift in the sense of  Definition 

3.1. Observe that a ,  maps the ring d/ '~ to itself. 

LEMMA 5.3. Let m ~ N  and let 0 : W---, U be a neat almost m-cover between 

two neatly holomorphic spaces with constraint. Let/t,, be the set o f  rn-th roots o f  

unity and let s l  be the set o f  holomorphic oo w-germs a into W such that 

0 = 0 o a. Then d is a group under composition and there is a group isomor- 

phism to : s l  ~ l~m such that for a E s t  and x E oo w, the determinant o f  da at x is 

to(a). Moreover, i f  f is a holomorphic function (respectively, holomorphic 

Oow-germ) which is invariant under sl ,  then f factors through a holomorphic 

function (respectively, holomorphic ~ - g e r m  ) on U. 

COROLLARY 5.3.1. Let m E N  and let 0 : W - ,  U be a neat almost m-cover 

between two neatly holomorphic spaces with constraint. Ira is a shift on U, then 

there is a unique shift fl on W such that a = 0 off. 

PROOF. Identify W with V of  (5.7), in which case f is the restriction of  

a ×  l c t o  V. 

DEFINITION 5.5. Let n E N and fix a choice of  homogeneous coordinates 

for P". Let U be an open subset of  P"(C) such that  (U, ~ v )  is neatly 

holomorphic for ~ u  = U N ~ .  For v E Z  ", let shy be the azu-germ determined 

by the afflne function associated to T ~ T + v on Z". Then shy is a geometric 

shift. In general, i f  m ~ N and 0 : V---- U is a neat almost m- cover, define the 

v-shift (of Vvia 0) to be the shift fl such that shy o 0 = 0 o r ,  and denote fl or its 

germ by sh~ or sh~,v. 

DEFINITION 5.6. Finally, we need to lift the not ion of  a Z-rational point in 

a manner  consistent with shifting. Let m,  n and 0 : V ~ Ube as in the previous 

paragraph. 
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By a lattice structure on V, we mean a function s : Z" ~ U ---- V such that 

(5.9.a) 0 o s is the identity map, 

if vE Z" a n d f a n d  g represent sh~,v and sh~.u, respectively, 

(5.9.b) then there is a neighborhood U' of ~ v in U such that 

( f o s ) (x)  = (s o g ) (x )  for x E s - ~ U  '. 

We claim that for each x E oo(C) _ P"(C) there is a basis of neighborhoods U 

o f x  each of which admits an almost m-cover Von which is a lattice structure. 

To demonstrate this, it suffices to construct a lattice structure over the 1st 

chart. 

Fix n, m ~ N and t~ . . . . .  t, + t a system of homogeneous coordinates for P". 

Let U be the 1st coordinate chart, and put Tj = ti+l/fi for j E N ( n ) .  Put 

oov = oo ~ U, and then (U, oov) with the submanifold structure is a neatly 

holomorphic space with constraint on which 7', is axial. Let X~ . . . . .  X, be the 

usual coordinates on C", and let oo' denote the set determined by X, = 0. In 

what follows, we regard C" as the neatly holomorphic space with constraint 

(C", 
Define 0 : C" ~ U by 

Tjo 0 = X/ f o r j ~ N ( n  - 1), 

(5.1o) 
7", o 0 = (X,)".  

Then 0 is a neat almost m-cover. For v =  (vl . . . . .  v,), direct computation 

verifies that the germ of the v-shift on U in terms of coordinates T~ , . . . ,  T, is 

[ ~ _ + v j + l T ,  i f j  # n, 
l 1 + vl Tn 

(5.11) Tj o sh~,v = 

7", i f j  = n. 

Let ~, be the unique holomorphic function on B(0, 1) with the property that 

~,(z) m = 1 + z m and 7(0) - 1. 

Fix og~C so o9" = - 1. For c E R ,  put 

(5.12) ~ ' c - I  Icl t /"  i fc  > 0 '  
- [ w l c l  l/m i fc  < 0 .  

Let v = (v~ . . . . .  v . ) E Z " .  The reader may verify by direct calculation that p, 

the v-shift on C" via 0, is given in terms of the coordinates by 
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fX,+[__j _ vj+,X," i f j  ~ n, 
/ 1 + VlX~ n 

(5.13) xj op = 

X, i f j  = n. 

Let s : Z" N U ~ cn be the function 

(5.14) s([b~, . . . ,  b,+,]) = ( b i b , , . . . ,  b,/b,, '°(b,+,/b,)). 

Then s is a lattice structure via 0. 

Finally, we interpret roots of  polynomials as both functions and germs. 

Let p ~Q(T~ . . . . .  T,). Let Q be the set of  all subvarieties in the divisor o fp  

except ~ ,  and let V(p) be the union o f  C-rational points over members of Q. 

Then p determines a non-vanishing function (also denoted by p) on P"(C) - 
V(p) - oo(C). For X another indeterminate and P(X) a polynomial over Q(T), 

define VI(P) to be the union of sets V(p) where p varies over the non-zero 

coefficients of  P and the discriminant of  P. 

LEMMA 5.4. Let U be an open subset o f  P"(C) contained in some coordi- 

nate chart. Let 0% = oo ~ U, and assume ( U, 0%) is a neatly holomorphic space 

with constraint. Put ~¢lo = Jt¢o~o, and embed C(T)c_ ~g0 in the canonical 

m a n n e r .  

Let P(X) ~ Q(T)[X] and suppose Vl(P) ¢3 U = ~ .  Let m be the degree o f  P as 

a polynomial in X. Let 0 : V ~ U be a neat almost m !-cover, let Jl~ be thefield 

o f  meromorphic germs at oo v, and regard Jto as a subfield o f  J¢l. Then P splits 
in J ¢ ,  and its roots have axial denominator. 

PROOF. The assumption that U lies in a coordinate chart implies the 
existence of an axis a for U in Q(T). Let q be the leading coefficient of  P; then 
P, = q -JPhas  the same roots as P, and satisfies the hypothesis. Without loss of  

generality, assume P is monic. Furthermore, the assumption on V~(P) implies 

that there is r E N  U {0} such that the coefficients o f P '  = a "~'~- I)P(X/(a')) are 

non-vanishing holomorphic functions on U. It is clear that P '  satisfies the 

hypothesis, and the conclusion for P '  would imply the result for P. For the 

remainder of the argument, assume P is monic with coefficients holomorphic 

on U. 
Let 0 : V ~  Ube as hypothesized. Let 2, l a n d  J b e  as stated in Theorem 5.2. 

Let f :  U ~ C" be the function whosej-th coordinate is the (j  - 1)st coefficient 

of  P. Our assumption on discriminant implies that f ( U - ~ o ) _ _ _ C " - J .  
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Let z ~ E V - ~ t  and w=f(O(z l ) ) .  For 7 ~ n t ( V - o o v ,  zO, there is a E  

n l ( C " - J ,  w) for which a "~= ( fo0 ) . (7 ) .  There is a canonical action by 

n , ( C " - J , w )  on 2-1{w}, and 2-~{w} has m elements. Consequently, 

( f o  0).(7) acts trivially. Choose y E2  -~{w}. Then there is a unique holomor- 

phic function F0: V -  o o ~  C" - I  such that 2 o F0 = f o  0 and Fo(zO = y. 

Lemma 5.1 implies that F0 has a holomorphic extension F. F o r j  E N(n), let nj 

be the j- th projection C " ~  C, and let Fj = nj o F. Consequently, 

(5.15) P(X) = II (X - ~ ) ,  
j~N(n) 

where expression (5.15) is expanded as polynomials in X over the ring of  

holomorphic functions on V. The analogue holds for germs. [] 

§6. Proof of Proposition 1.4 

We are ready to prove Proposition 1.4. It is an easy consequence of  the 

assembled machinery. Proof is by a series of reductions. 

Fix n E N, fix a choice of  homogeneous coordinates on pn(c) and fix ~ a 

Q-diffuse n-dimensional density which satisfies the VW condition. Let X and 

T = T~ , . . . ,  T, be indeterminates. 

First, consider an irreducible monic polynomial P of  Z[X; T] which depends 

on X, and suppose ~(I(P)) > 0. Let x be a point of  concentration for I(P) 

which is not contained in FI(P). Choose an open neighborhood U of x such 

that 

U is contained in a chart associated with 
(6.1.a) 

the choice of  homogeneous coordinates, 

(U, ~ ' )  is a neatly holomorphic space with 
(6.1.b) 

constraint for ~ '  = oo 0 U, 

(6.1.c) U f) V,(P) = ~ .  

Let 0: V ~  U be a neat almost m!-cover, and let ~¢¢ denote the field of  

Oov-germs. Fix a lattice structure s : Z" ~ V. 

Suppose a ~ ~/1 has axial denominator. Then we may regard a as a class of  

functions whose domains are neighborhoods of  ~ '  minus a subset of  ~ ' .  For 

M c_ Z" such that M _ U f~ Z", we say a is integral on M i f  for one representa- 

tive f E  a (and, consequently, for all representatives), fassumes  values in Z on 

s (M)  f3 d o m ( f )  minus a finite set. 
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Let a~ . . . . .  arbe the roots of  P in Jg. Each ajhas axial denominator, and, for 

at least one index k EN(r) ,  ak is integral on a set M c_ Z" of positive 0-density 

such that M - M C U. It is sufficient to prove that such an ak must be in Q[T]. 

For the rest of  the argument, fix U, V, 0 and s; we ignore P. For convenience, 

say M _ Z" is properly concentrated if M - M _c U. 

is integral on a properly concentrated set of  positive Suppose a ~ C[T] 

fi-density. Express 

t 

(6.2) ~- -  Y. gjej, 
j=[  

where t EN,  e l , . . . ,  el are Q-linearly independent complex numbers, e~ = 1 

and g~ , . . . ,  g, EQ[T].  But f o r j  ~N( t )  - {1}, Z(gj) must contain M which by 

Corollary 1.3.1 forces gj = 0. Consequently, o~ ~ Q[T]. 

Proposition 1.4 has been reduced to showing that if o ~  J / / i s  integral on a 

properly concentrated set and has axial denominator, then a E C[T]. Now ~¢/is 

closed under algebraic shifts, so we may use Theorem 3.2 for the choice k = C. 

In particular, we are reduced to finding for each r ~ N ( n )  a sequence 

c~ . . . . .  c,, ~ N for which (3.17) holds with a in place of  x. 

Let r ~ N(n) and suppose a E J / i s  integral on a properly concentrated set M 

of positive 0-density and has axial denominator. Consider the geometric inter- 

pretation for shifts of J/¢. Then the VW condition states that there is k E N and 

N c_ M such that 6(N) > 0 and a - Shk:r(a) remains integral on N. Now the 

valuation on .4/ is  discrete. Thus there is a sequence k~ , . . . ,  k,, ~ N  such that 

( 6 . 3 )  /7 = {Ak,;,. . . . . .  Ak. , ; , . } (a)  

is in the intersection of  t ~  v with the prime ideal of the oo v-valuation and is 

integral on a properly concentrated set of  positive 0-density. We are reduced to 

proving that fl = 0. 

Let frepresent  ft. Then f -  ~B(0, 1) is a neighborhood of  ~ v- Consequently, fl 

actually vanishes on a properly concentrated set of  positive 6-density. Let ~¢ 

be the group of  holomorphic functions r : V---- V such that 0 o r = 0. Then 

7 =II~E~,fl o T factors to a holomorphic germ on U which vanishes on a 

properly concentrated set of positive O-density. By Theorem 4.2, 7 = 0. But 

then, finally, fl must be 0. 
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